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Abstract:

* In real life situations quantities and their rate of
change depend on more than one variable. For
example, the rabbit population, though it may be
represented by a single number, depends on the
size of predator populations and the availability of
food. In order to represent and study such
complicated problems we need to use more than
one dependent variable and more than one
equation. Systems of differential equations are
the models to use.
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"
= Suppose there are two species of animals, a baboon (prey) and a cheetah (predator). If the initial conditions are 80 baboons and 40 cheetahs, one can plot
| the progression of the two species over time. Time is dimensionless.
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One can also plot a solution which corresponds to the oscillatory nature of the population of the two species. At any given time, the solution is "
somewhere on the inside of these elliptical solutions. B3
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* The nonlinear systems are very hard to
solve explicitly, but qualitative and
numerical techniques may help us to get
some 1nformation on the behaviour of the
solutions.

* Let us consider the ClassPad300Plus (with
the new operating system OS 03.02) and
discuss on some new exercises 1n analysis,
e.g. solving a linear system of differential
equations.



 We know several ways to get a solution.
The techniques for studying systems fall
into the following three categories:

analytic, graphic and numeric.

* We can transform a system of equations in
one equation of higher order

 and we have for

linear systems with initial conditions the
possibility to use the

Laplace transformation.



e On the other hand we can transform a system of
differential equations in a system of difference
equations, i.e. sequences of numbers given by the
help of recursive equations. These sequences are
used as a discrete mathematical model for
differential equations.

e The ClassPad300 has the dSolve- and the rSolve-
function to study systems of differential and
difference equations respectively and additionally
the Laplace and inverse Laplace transformation.



* Finally we have the possibility to generate
large dSolve- or rSolve-terms by the help of
commands for strings and characters.

e Thus the calculator can generate the large
syntax for the used dSolve- and rSolve-
function.

e This 1s a convenient method to input a long
command row not manually but by the help
of a program.



* By the help of several examples the interactive
work with the ClassPad300Plus is considered.

* The student can solve difficult exercises of
practical applications step by step using the
symbolic calculation and the graphic possibilities
of the calculator.

 Sometimes several fields of mathematics are
combined to solve a problem.



Example of finding the
mathematical model and
several ways of solution:

The following mathematical model due to
an inverted pendulum, cp.

http://www.fh-
kempten.de/deu/hochschule/fachbereiche/tbe

/labore/digital/homepage/swpr/ss98/Staude
Sommer/Pendel/Pendelengl.htm
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INVERTED PENDULUM SIMULATION

This 1s a little simulation of an inverted pendulum.

You can balance the pendulum by moving the mouse left
or right. But only moves within the red square affect the
balance of the pendulum. You can use the mouse button
to stop and restart the simulation. If your pendulum
moves out of the yellow field you have to restart the
simulation by reloading this page.

And now have a lot of fun...

Note: Running this applet on a slower PC than a Pentium
may cause trouble.
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http://instruct].cit.cornell.edu/courses/ee476/FinalProjects/
52003/es89kh98/es89kh98/Inverted Pendulum Balancer.

mov
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http://instructl.cit.cornell.edu/courses/ee4 76/
FinalProjects/s2003/es89kh98/es89kh9g/

e Inverted Pendulum Balancer

e The goal of this project was to build and
implement an inverted pendulum balancer,
in the vertical two dimensional plane,
using Proportional-Integral-Derivative (PID)
feedback control.

e Motivated by the School of Mechanical &
Aerospace Engineering’s Feedback Control
Systems course at Cornell University, the desire
was to integrate the knowledge of stabilizing an

unstable system using feedback control
15



ﬂi Bildschirmfoto Ablage Bearbei[eanenster Hilfe

‘s & &

| i

[0 Apple (199 Amazon

eBay Yahoo!

FB Elektrotechnik/Labor Automatisierungstechnik

News ¥ Apple

9

@_@”.

| | ¢ | | + | -%http:.-“f".w.-w.htw—|:rre5u‘en.defukaestnerfw'.'.ﬂ.*.-,-fpa.fpendel;’:‘.imuIationlf#.fInver:‘.e:'.Pendel.html

¢ 0001141 o)) (=1 (99%)

= Mol1420 @ °
y

o

"

[ ]

Wi niee |

Pozition

1" Positionsregler

@—b@—b
Wy

-50

s(t)

Ubernehmen

Fe (8
T UM nichtlineare Ef‘l:ij sid) P{ﬁ}
=i Funktion des 5(4)
Pendel= i;; "37(5:' b@
1" Zustandsreg|
o T
8.28
m Fe (8)
- sit) _.
L ) ) . d - o
-63.018 s(2) M
i i L) -
551.869 @)
"105.071

_Simulationsparamet

Pendelmasse [kg] 0.2
Wagenmasse [kg] -1_0
Pendelradius [m] 0.5
Motorverzégerung [s) -n_z

Rollreibungsfakt [kag/s) -u_z
Drehreibungsf.[ka*m#2 g gz
Simulat. Schrittweite [s] g g1

max. Motorspannung [v/ 10.0

Ubernehmen
_Polvorgabe
LPol [_3p +ilg
2Pol  [_ig +ilg
3Pol [_1p +i'g
4pPol 3 +i'g
sPol  [p +ilg
Berechnen

HIZ

Hochschule fir Technik und Wirtschaft Dresden (FH)
Thomasz Mather, Marco Schimming, Stefan Kanig

_Simulationskontro

Meustar Start Pause

Simulationszei 77.44s
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Pendelmasse [kg] .|:|_2
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Pendelradius [m] 0.5

Motorverzégerung [s] [z
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Drehreibungsf.[kg*ma2 g g2
Simulat. Schrittweite [s] | 0.01
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A complete analytic model of the inverted pendulum
controlled by a DC motor is derived in three parts,

the pendulum-cart dynamics, the friction model, and the
motor dynamics.

Here we will study the dynamics of the DC motor by
the following equations:

19
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[1 8 @ [>C
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create the controllability matrix 5s:
augrentt adgment CB. =B, FIEHE:}#SE
5} A Q5EA
5} Q5EA —-95950HA

1868 -180880a 299342404

lexiEtE}, l.2. linear model is

controllability matriz §5 with full vank (Ss
controllable:

-1
5=
1. 84 TEEEEET A. 1841666667 B.0861
A. 1852883332 O.00081084166866 A

A.0a81ad41e668 A &)

dusing the eigenvalues (—-.4*.33 and -18> for Ackermann’s formula to get the
feadback gain matrix K:

Dafine gqidl=iAd—(—. 4+, 330 0K —(—. 4=, 3302 A—-C—1822

done

CExpandigqi A2l

2. 548, 25 A+10, 8- A2+ [
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A [z+e] B [A¢]AA|

the feedback gain matrix K:
[6 8 1]xss"tulz. 5 140, 25. Al +10. 8.2 +A7 Jok

approxA-B=kK »&matAk

check the eigenvalues of matAK using eig¥l or solwve function:
=iglcratAk >

solve{det{matAK—A.xI2=H, 4.3

solution of %Exit})=matm{3{x{t} i= Cwith unknown coefficients
Al El Ci

x(tr=| AZ [xe " YtcosC. 312+ B2 [xe T HsinC. 300+ 02 e 19t
A= [=3C] (I

now consider the components of xC0t? with the argument =:
tat first delete the wector =2

DelVar =
Define wilcxi=Ale =¥ cosi, Zxi+Ble = aine, 3xo+C1e 19=
Define w2ixi=Aze = oosi, 3xo+B2e = o aine, 3xo+0ze ~19=

Define wIcxi=AZe " Y oosi, 3x0+B3e " P ine, 3 +03e ~19=

i(ylix:-:mdc-tF'li[l B 8 J<matAk,[»16x) w2(xd w3¢xd |r#equl
-2 x -2 x

[o. 0062604 1666 -0, ABS9TI95233 -0, 9992

5]
5]

1 5]

-1 = =)
-a.Zefdl1ee8ET —@0.0Ze8d 1686687 —@.8

18.3-3-8.4,-8.3-3-8.4,-18%

{A=—@. 3 -0, 4, A=0, 3+ -0, 4, A=—18]

done

dore &

done

done
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itml:x:-:l:dntpl:m B B |=mathk,[w1oxy »20xd w3(xd]rdequl
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E-El-sin[gl'—;]-e = =
—1@.c1.g 18 + _

3-51-5.:-5[3'—"]-13 2 3.A1-

2 16

iEyE{x}:lm:h:-tF'{[El 1 @ J<matAk, [ w10z w20xd w3z |13equ?
-2 x -2 x
E-EE-Ein[S'—x]-E 3 3-52-5.:5[3'—’:]-.3 3

~1@- 2. e 187X 18 n 19

S 18

iEySEx}:Im:h:-tF'{[El B 1 J#matAk,[»16x) w20xd »3¢x2 |réequ3

L
~

=2 =2
. E-ES-Ein[Sl'—;]-f: = 3-53-5.:5[ 31';]-.3 =
_ . e x_
18-C3- & = + in
Delvar Al.AZ.AZ.Bl.BZ. B3, C1.C2,C2
Livrcen)
= wl(xd
FMow solution of the linear swstem i(}liix}) =matAk:| w2 Cx)
d WaACT
_E;EyEix}J_

for the initial conditions wvl=1, wZ=-1, w3=1 for x=8:

approxiequl [x=A)
approxiequ? | x=H2
approxiequs | x=A2
approxiequl [x=.12

with unknown cosfficients A.

Alg Standard Cplx Rad




| % File Edit Insert Action

B [zddde] 2 [l
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approxiequl | x=H2
approxiequ? | x=A2
approxiequs | x=A2
approxiequl [x=.12
approxiequZ|x=.12
approxiequi|x=.12
approxilc@I=17
approxiWZilI=—12
approxiICEI=10

approxiequl | x=H2
approxiequ? | x=A2
approxiequd|x=A2
approxiequl [x=.12
approxiequd|x=.12
approxiequi|x=.12
approxilc@I=17

approxiWZilI=—12
apprnxiyEﬂBb 1

listToMat{getRight approxiansa i 1+

Al A2 AS Bl B2aB3aC1aC2a 03

charnge in real mode now!

AlsAZs A3 B1.B2, B3, 01,02, C3 -
[R1=8. 793495935, A2=1. DESB4BES, A3=1s B1=4. OS] 20051 , B2=—-2. BE1 300513, B3=-2. 114583333, C1=0, 206504865, C2=—2. » |4

Delvar Al,AZ,AZ.Bl1.B2,B3,C1.C2,C3

AL

A2
I
El
B2
B3

=

ERRCOR :Owerflow

done
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Wwlcxn
WACwD
WAED

—2.114533333
B. ZA&SE46E85
—2. 85384865

=3, TEeE437513e-14

A. 206584865 I+4.EBEIEEBEI-EMEE.S-xJ+E.T93495935-cn5(@.3-xj_

2. 71828152519 2 7182818259 4%
2.B6504865 2. @51398513 sin(@. 3+ x)

2 7182818259 4%

+1.EEEB4B65-ED5(B.3-

x)

z.71gz818zg 19 z.718z2818259- 4=
_ 9.768437513e-14 _ 2. 114583333  sin(@, 3+ x) |

2. 7182818294 %
cos(B.3-x]

| z.7izzeiszel®x o 7imzmimppfedex

z.7182818259- 4%

|Graph wl, %2y w3 with —.85<x<8 and —1.5¢vw<1.5

=1

Fad Eeal

| - -

View window: -0.05 <x <8 and -1.5 <y < 1.5 and graphical representation of y1, y2, y3

qaii]



View window: 8 <x <16 and -0.03 <y <0.01

| W Edit Zoom Analysis # IEII
remember the functions and the initial conditions: [
Define wicxi=Ale ~%*cos(. 3xi+Ble " ain, 3xo+c1e~ 192
done
Define w2{x)=AZe "V cos(. 3x2+B2e " M aing, 2 o+02e ~ 182
done
Define w3(xi=A2e " cas(, 2xr+B2e T Fsin, View Window Ed
FMemory @20 O30 dore
WwilcE Ox-log Ow-log
WA xrmin =
2¢EY mazx :1&
kg scale -l
dot :-A.81261829652
wrmin :—-H.A3
max :H@.81
0 scale: 1
[Graph v1, w2, v3 with 8<edle and -, A<y o (concel] [Default ]
H.@1
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Now solving the system of order 3 by the help of one equation
of 3™ order for y1 (Laplace Transformation):

¥ File Edit In=ert Action

"Saldhe] £ P AAr

Mow =olving the =wstem of order 2 by the help of one eguation of 3rd order for wi
‘Laplace Transformation?:

H,S—'imatHH[E, 21+matAKLZ, 3]}l2+deti5ubHatimatHH, 22y 3a 300 A-matAKLZ, 3 1xmatAKLD3, 1=

2.54+8, 25 A+18. 8. .2 +2. 5=
detmatAK-AxI1=@

—2.5-8.25-A-18.8. 3. 2-3 %=
a2 d< d
iz the characteristic equation for —=(wl1)1+18.8——=(v11+8.25=——(»11+2.5-v1=A
dt? dt? dt
initial conditions w1<@»=1, w1*{@Ar=—1, w1™{@Ax=19.6

laplacedZ. Sw+E. 25+ 18, S+ =F, ty Wy 52

2. S Lptlpr s S22 e B @ )y BIE . 25 ( Lpe syl @1 1+18, B[ Lpr s Zmge wi@1—w( @) )=
ans|widr»=1 and Yi@I=—1 and »"(@=19.6

19, 6-8. 25 [ 1-Lp-s)+18. 8+ [ 1—s+Lp- 52 J+5+2. S=LptLp- s 5 -5 2=

{ S41+196. s+20. 2 }
Le= = 3
SE+165- s+216+ 52 +20. 5

solvedans.Lp2

241+196. S+Z@- 52

invlaplaced = Z 15 xa
SE+H1ESs+216-5+2B- =
=2 =2
12?_E—la-x+2834-5in[%]-ﬂ 3 +488-c05[317:]-£ =
615 G615 615
=2 =2
. 2834-gn[—l5]-e & 4aa-cns[§l5]-e 2

Define flxy=21E + 18 + 10

615 615 615

done (i

check the initial conditions:

foay reexn —ggifcx}j | 2=
dx dx®

[1 -1 19.6][%
Ala [ecimal FEeal Bad =TT




Finally another way of solution is the
transformation in difference equations:

y’(t) = (y(t+T)-y(t)) / T for small T, say T=0.1.

Now the new system 1s
x(t+T) = x(t) + T*matAK*x(t) = (I + T*matAK)*x(t).

We use the fixpoint iteration x,,, = (I + T*matAK)*x, with
x,=[1,-1,1]" and create 3 lists.

Now matAKI =1 + T*matAK.

The program DefLis3D creates the lists for the components of x.
29
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Finally another way of solution: transformation in difference egquations

see program DefLis3D and DefSeqil.
A.1%T

I+T#matAKFmatAKI
1 H.1 5]
5] o} [, 95
-A. 82604 166667 —H.AAZ2684 16668 A, 92
1
main~DefLis30hc| -1 |« 5862
1

done
seqiayas 1. 5802 Fli=t1 5
Tl 3t S B Ta ST 18, 11,125 135 145 1S, 16, 170 18, 19, 28, 214 22, 23, 24, 25, 26, 272 28, 29,38, 31, 32, 33, 34, 35, 36, 3T, ¢
| x

li=stl li=ta li=sth listc list5 lista ke

1]1 1 -1 1
22 A@.9 A, 95 |8, 2965
i1 i A, 995 |8, 26T (@, 7329
414 1.852 8. 76e3 (@, TASS
b b 1.1587 |8.6785 H. 62
&|& 1.2266 8, 5952 (8. 5385
7|7 1.2861 8.5169(@.4619
=] ] 1.3372 84434 (8. 2961
Q9 1.38218.3745 (8. 3229
14|14 1.419& @321 |8, 2661
11)11 1.4506 8, 2497 (@, 2815
1212 1.4756 0. 1934 8.147
1313 1.494918, 1411 (8. 89&3
14|14 1.589 68,6924 (6. 8493
15|15 1.5183 88472 (5. 8e-32
15|16 1.522]|5.5e-3-8.824
1717 1.5236 -0.832(-8.871

Calk -

4

list= li=t1l
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| ¥ Edit Ctrl 170 Misc

N [ = D (5] (el | |0 | e

DefLizal  [M[%.H

local =
saqiayas 1. Mixlistl
listl*lista:listl+listb:listl*listc

approxixL1,112Flistalll]
approxix[Z2y112%listbl1]
approxtsl3y112Flistcll]

Faor 2% To H Step 1
approximatAkIxE )5
approxCXl1,112%listalil
approxCXl2y112%listbLil

approx (L3, 112=listcLil
MHext

Return

FProgram Editor

Finally we use the stat editor menu to create the x-y-lines for the
given data in listland lista, listb, listc respectively.
31
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2|2 H.9 B. 96 |@. 2955625
33 H. 995 H. 2587 B, 7|
o 1.828287 | 8. 75944 | A, TS0 | |5
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TI7 1.2861465|0.5169964 [B. 4519615
2= 1.3372461 | A.4434583 8. 29601642
=l 1.33821944 |8, 37455582 A. 322957
18|18 1.41955682 |8, 31882327 @, 26815684
11]11 1.4585541 |8, 24974432 @, 2815689
12|12 1.4756286 |8, 1934924 A, 147RESZ
13132 1.4949734 8. 1411273 |8.8953152
14|14 1.56896912|0.8924531 [B.8493113
15|15 1.5183375|0.84733828| 5.826E-3
16|16 1.5238714 | 5.592e-2|-H. 834383
17|17 1.52263688 | -0.82292|-8. 8712326
13]12 1.5283377 -8, 8683287 [-A. 185129
19]19 1.5134939 -6, 1868924 [-A. 1356133
ZHAZEA 1.56834065 -6, 12832 -8, 164394
21121 1.49@83377 -8, 15372812 |-A. 190653
2222 1.4745558 -6, 122451 [-8. 213249
2323 1.45362187 -8, 284719 -8, 234113
2424 1.43528385 |-60. 224749 -8, 2532776
25|25 1.4133639 -8, 242665 | —H. 26936
2626 1.38909732 |-, 238586 -8, 2833926
27|27 1.236322387 -0, 272626 -0, 296788
2828 1.335976 -0, 284897 -8, 287217
2329 1.23874262 -0, 295505 [-A. 317241
15 | b 5| 1.2779357 |-, 2684551 [-A. 325141
2131 1.247428605 -0, 212136 |-A. 331616
JCHE I 1.2162669 -0, 2182352 [-A. 336751
2333 1.18443217 | -@.32329 (-8, 340654
2424 1.1521826 -8, 227833 -8, 343414
2535 1.1193938 -8, 2329577 -8, 3456892
2636 1.82864321 |-8. 32312828 -8, 245777
A737 1.8533022 -0, 331946 -8, 345544
2838 1.8281875 -0, 23217238, 344466
2939 B.9859352 |-0. 330687 | —H. 34261
Calk
4
L 11=|1
Deg Auto Decimal (T

| % Edit Calc SetGraph ¥ |
Wt B o] B (M e = mad B End [k (F5hd M E
li=t1l lista li=th listc ke
452|452 3.965e-8| —-1.9Z2e-8| -1.93e-8
453453 3.373E-8| -1.85%e-8| -1.868e-8
454|454 3.187e-8| —-1.7%e-8 -1.8e-5
4551465 3.8828e-2| -1.73e-8| -1.73e-8
dE5|dEE 2.835%e-8| -1.66e-8| -1.67E-8
dET|4ET 2. 6582E-2 -1.&e-2 -1.&e-5
458453 Z2.9088e-28| -1.54e-8| -1.54e-8
459459 2.353e-8| -1.48e-8| -1.48e-8
4781478 Z2.208%e-2| -1.4Ze-8| -1.4Z2e-8
4711471 Z2.883e-8| -1.36e-8| -1.36e-8
472472 1.9258e-58 -1.3e-5 -1.3e-5
473473 1.796e-2| -1.2%e-28| -1.24e-8
474|474 1.671e-2| -1.19%e-8| -1.18e-8
4751475 1.551e-28| -1.14e-8| -1.13e-8
4784 TE 1.427e-2| -1.82e-2| -1.688e-8
47747 T 1.328e-28| -1.83e-8| -1.8Z2e-8
4781478 1.225e-28| —-9.87e-9| -9.78e-9
473473 1.128e-28| —-9.29e-9| -9.29%-9
4268|4368 1.832e-28| —-S.92e-9| -S.8Z2e-9
4214381 9. 43e-9| -S.48e-9| -5.35e-9
422482 2.584-9| -S.0Ze-9| -7.91e-9
483453 T.7T281e-9| -7.59%e-9| -7.48e-9
484|454 T.821e-9| -T7.18e-9| -7.H5e-9
42854285 E.2H03E-9| —-&.78E-9| —-&.6EE-T
485|485 5.624g-9 6. 4g-9| -5.28e-9
427437 4.984g-9| —-5.0Ze-9 -5.9eg-9
48384388 4.381e-9| -S5.67e-9| -5.54e-9
4891439 3.814e-9| -5.3Ze-9 -5.2e-9
4968|4968 3.281e-9| -4.99e-9| -4.37e-9
491|491 2.7T82e-9| -4.67e-9| —-4.55e-9
492492 2.214e-9| -4.37e-9| —-4.25e-9
493493 1.8768e-9| —4.828e-9| -3.95e-9
4941494 1.4558e-9 -3.8e-9| -3.68e-9
495|495 1.888e-9| -2.53e-9| -3.41g-9
495|495 T.24e-10| -3.27e-9| -3.16e-9
497497 4. @7e-10| -2.83e-9| -Z2.91g-9
493493 1.82e-14 -Z2.8e-9| -2.68e-9
49314939 -1.7e-18| -2.58e-9| -Z.45e-9
SHE|568 -4, 3e-10| -2.37e-9| -2.Z26e-9
Calk -
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The program DefSeq3D creates the equations for the
sequence menu by the help of string commands.

N Edit Ctrl L0 Misc <]
=N ISl = [ = T B G Y 1 =S R >

DefSeqzl  [M|X,H

YiewWMNindow EI,H, 15_- 55 1-55 1

ClrText:zlocal drasisds W

SeqTyee "am+13p"

FobinnCH 2 >dm

Delvar asbsyc:[asb.c]1xW

For 1% To dm Step 1
ExpTaoStr WL1l.ilshlpl:5trLeft hlpls lsblp:z5S5trdoin hlps"p"shlp:z#Cia 1 13#01p
Strdoin "a"dotPC["s hlp:StrRotate "1. 88"y hlp2s 2—2i:5trShitt hlpZ2.hlp2. 2dm—7
Strdoin hlpyhlp2.hlp:5trdoin hlps"1=matAkIs Laps brscq] 2" Rlp
ExpToStr WL1laxil.hlpl:StrLeft hlplas lshlpl:5trdoin Blpls"A+"shlpl
hlp=#hlpl

MHext

SeqSelln ap+i:SeqSelon bpsi:SeqSelin cr+zSetzdisp OFfF

HxSqgStart:MN*+5g9End

DispSeqThbl:Pause:DrawmSeqgCon

Return

Program Editor 11|
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The program DefSeq3D creates the
equations for the sequence menu.

[ % Edit Graph # ES |
i e P =T o] [t E
Recursive | Explicit |
Eara=dotP[[1 @ @ ]-matAKI,[an br cn])
ap=1
Ebr+1=dotP[[B 1 @]-matAKI.[an br o]
bop=-1
Ecr«1=dotP([B @ 1]-matAKI:[an br cn])
cp=1
F 9
m A I:ln oy ]
- | 1 -1
1 8,9 =T @29
z @, 99 =TS @, 72
3 1.8 A, TE .
4 1.15 B.ET .
5 1.22 @A.52 a.
& 1.28 .51 .
7 1.33 @. 34 a.
o 1.38 B, 37 .
a 1.41 @.21 a.
4 [
e 1

|[Rad Real g




By the help of these sequences we get the same graphical
representations of yl(ldot), y2(square), y3(cross).

| “ Edit Zoom Analyesis # IEll
1
+
!-li:-
S ag
¥

5. 28
n=25 —A.6 an=1.32389097=2
[2r+1=an+T-dotPCLL1.@. 811 -rmatAks [Lans bna o112 | b

Fad Real = TT]|




The file for the classpad manager you can
download here:

http://www.informatik.htw-
dresden.de/~paditz/paper charlotte 2007.vcp

e-mail:

paditz@informatik.htw-dresden.de
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