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Summary., The aim or this paper 1s to imvestigate the kmown non—

uniform version of ESSEEN's Inequality in the Lp - metrie, p 2 1,
to get a numeriecal bound fer the appearing constant L, see (2.1).
For a long time the results given by several authers econstate the
impossibility of (241) in the most interesting caso'6-1 because

the effect L-O( ) & =» -0, was observed, where 245, 0<6$1 is

the order of the assumed moments of the considered independent
random variables Ik' ks1,2,,.,,n o

Again meking use of the method of conjugate distributions we im—
prove the well-known technique to show in the most interesting

case 6=1 the finiteness of the absolute constant L and to prowve
® 1

S a1 >VR) |p(x ey 00 X <xB )§C0) [ Pax P g Lels o

=0

"h.?. L s 127. 74 » Qp To21 s P z y P

In the case 5e(0,1) we only give the analytical structure of L
but omit numerical calculations,
Finally an example on nornalapproxination of sums of 12—va1ued

random elements demonstrates the application of the nonuniform
mean central limit bounds obtained here,

Zusammenfassung, Das Anliegen dieses Artikels besteht in der Un—

tersuchung einer bekannten Variante der ESSEEN'schen Ungleichung
in Form einer unglsiehnaaigen F.hlarabsehgtzung in der Lp-ﬁotrik,

P2 1, mit dem Ziel, eine numerische Abschatzung fur die in der
Ungleichung (2,1) auftretende absolute Konstante L zu erhalten,
Langero Zeit erweckten die Ergébnisae, die von verschiedenen Au-—
toren angegeben wurden, den Eindruck, daf die Ungleichung (2,1)
im interessantesten Fall &=1 nicht moglich wgre weil auf Grund
der gefuhrten Bewcisschritte der EinfluB von & anr L in der Form

L-O( —), & => 1=0, beobachtet wurde, wobei 245, 0<8¢1, die Ord-
nung der vorausgesetzten Momente der betrachteten unabhangigen

Zufallsgrofen X, k=1,2,,0.,0 , angibt,
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Erneut wird die Methode der konjugierten Verteilungen angewendet
und die gut bekannte Beweistechnik verbessert, um im interessan—
testen Fall &=1 die Endlichkeit der absoluten Konstanten I nach—
zuweisen und um zu zeigen, dap

00
(_éu((1'+|x| 3P |B(X,y+X, 40 0 04X <xB_)=F(x) | )Pax )% g Ll

mit L ¢ 127.74- 731 | p 3 1, gilt.

Im Fall $e(0,1) wird nur die analytische Struktur von L herausge—
arbeitet, jedoch ohne numerische Berechnungen, '
Schlieflich wird mit einem Beispiel zur Normalapproximation ven
Summen von lz-utrtigon Zufallselementen die Anwendung der gewich-—
teten Fehlerabschatzung im globalen zentralen Grenzwertsatz de—

monstriert.,

Pesume. 3anmava Hacrosujel paGoTH COCTOMT B MCCI@NOBAHWE ONHOR H3-
BeCTHO} BepcHE HepaBeHCTBAa JCCeeHa B BHNE HeDABHOMEDHON OLEHKH
0CTATOYHOrO WieHa B MeTpEke mpocrpaHcrsa L, p 24, ¢ mearn moxy-
YUTH YHCHEHHYD OLeHKy HIf adcomwrHoit mocrosuHoft L. BucTymanme#t »
HepaseHcTBe (2.1). JI0 HACTOAWEro BpEMEHE Pe3YBTATH PASINYHHX aB-
TOPOB NPOM3BOINWIM BHeYATNEHHe, UTO NOIYyYMTh HépaBeHCTBO (2.1) B
CaMOM MHTEDEeCHOM Ciydae & =4 gBIfeTCH HEeBOSMOXRHHM, Tak Kak OHIO
VITEHO BIMfHEe BeJMuuHH & Ha mocrosuHOk L B BHZe L-@(Jg-) §-1-0.
d=4 COOTBETCTByeT CIy4Yal GyHeCTBOBAHUA AGCOJOTHOIO MOMEHTa 3-ero
NOPAIKA PACCMOTPEHHHX HE3ABMCHMHX CIydafiHMX BeXumuuH X., K=12,...
MeTozmoM compsEeHHHX pacmpeXeNeHult u yryueHmeM nsnee-moﬁ TeXHUKH
nommo'rca KOHEYHOCTS moerTosHHOM L B crydae §=1 u HepaBeHCTBO

( S((4+1x|3 ~V/P)| B(X, 4%yt . . +X,exB, )=8(x) | )Pdx % ¢l .

rie L§ 42’?.’?4- _Jp 7.34 , p 24. B cuyuae ‘5_6(0,4 ) HpEBeZeTCH aHANH-
THYECKAS CTPYKTypa nocrosmuoft L Ges umcmeHinx pesyrsTaToB. C mo-
MOmBO OAHOTO HpEMepa O ANNPOKCHMALME HODMAJBHHM pacopeleleHHeM IJIA
cyMM lz-snaim. cry4aiiHHX SJMEeMEeHTOB IEMOHCTDHDPyeTCSA NpHMEHEHHE He=
PaBHOMEDHHX OHEHOK B riaoCansbHOfl HeHTpaabHO# npemennHo# Teopeme.



1. Introduetion

Let X4, X, +00, X, be a sequence of independent random variables
such that EX, =0 a.nd E|X, |**®¢e0 for some fixed 8(0,1] and all k.

Write ¥, (xB )-P(Zxku:n) where Bas ank>o and §(x)=

(2:)_4’2 S o ,2 du , where ! denotes the N(0,1)-distribution

funetion, Let us put I'2+6 -B-(z'"s) : I|Ik|2+6 the LJAPUNOV -

ratio of the order 245,
The well—known ESSEEN Inequality, see PETROV (1975) p. 111, gives
& result on the rate of convergence to zero of Dn(z)-Fn(zxn)-ﬁ(x)

in the following manner
(101) li;P IDn(I)l ‘ 01 L5,n for all nd'

where C1>0 is an "universal™ constant,

In the last 45 years very much efforts has been given to the pro-—
blem of estimating 01. Up to now the best upper bound for 61 is

due to SIGANOV (1982), who has proved that €, § 0.7915 ,
Conecerning the éa-e 0<8<1 it is remarkable that the constant C4q in
(1:.7) depends on &, i.e, C,=C,(8), and numerieal calculations show
that 01(6) inereases if & decreases, see TYSIAK (1983). In this
case we have in (1.1) the error—bound C4(8)L, o o see PETROV

(1975) p. 115, In the situation =0, i.e. 'ithout additional as—
sumptions about the existence of nomcntl of the order r)>2, we
know an elementary estimation due to BHATTACHARYA|RAO (1976)

(1.2) sup|D (x)| g C
x

o 1

where C >0 is an "universal" constant, and a result by PADITZ

(1986) i 2 I |
(1.3) sup|D,(x)| § 3.51 E_ B( =% min(1, =£°)) ,
x k=1 B n

n
i.e. 3.51 is an upper bound for C4(8),
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In MAI|THRUM (1987) the numerical estimation Co S 0.5409366 is

given,
In contrast to the long history concerning the determination of
the constant Cq in (1.1) there are only some quantitative results

on the corresponding constant in the nonuniform version of the
ESSEEN Inequality that has been proved by BIKELIS (1966):
There exist a constent K1-K1(6)>0 such that for all neN and all x

245
(1:.4)  (1+]x|"7) D (x)| ¢ K1L2+6,n , 0<641.
Up to now the best upper bound for K1(1) is due to PADITZ (1987):

K1(1) § 31.935 .
In the case of identicelly distributed random variables the esti—
mate K1(1) 4 30,54 holds, cp. MICHEL (1981)., '
Concerning the case 0<6<1 it is remarkable that the constant K4
decreases if & decreases, see TYSIAK (1983), i.e, K4(1) is an up~
per bound for K1(6) and thus the case 6=1 is the most important

case,
The main result in PADITZ (1986) is the so—called global form of
the central limit theorem, i.e., an error-bound of type (1:3) for
the Lp-norn of Dn(x):

o 1

2
ey . X; 1 X |
1.5 () I, (x)|? ax )P ¢ 3.5 Zﬁ'-_% E( énnm, —:;L_)),

where M = 22&:% = 9,5157 is an absolute constant,

.

Concerning the value of M see PADITZ|SARACHMETOV (1988).

2o The nonuniform version of ESSEEN's Inequality in the L -metrie

The aim of this paper is to investigate the nonuniform version of
ESBEIl's Inequality in the L _—metric, i.e. to investigate the in-

P
equality » 1

2 (3 (Anx12¥=VP) 1 () | Pax P § ety , tor el men,



where LaL(&,p)>0 is an (unknown) absolute constant, only depen=
ding on 8e(0,1] and p31.

The inequality (2.,1) was obtained by MAEJIMA (1978) and AHMAD
(1979). Note that from the proofs given in MAEJIMA (1978) or
AHMAD (1979) the unboundedness of L(5,p) follows if & tends to 1,

1.6, L(8,p)=0(555), 6 => 10 .

In en earlier paper on error-bounds, see VORONOVA (1972), we
sould remark the same unwished effeect concerning the abselute con—
stant in the error—bound. In an analog situation e.g. for m—depen—

dent random variables, see HEINRICH (1985), also the ia.o =1 is
excl-uded because of the above mentioned effeect L'°(1—6)' §=~>1=0,

The mean error—bound by SAKOJAN (1975), see also NAGAEV (1979),

- concerns the case p=1 and &=1 (631) and the so~called "one—sided"
version, i.e, we have the domain (-~ ,0 ) of integratien in (2,1)
to substitute by (O,m ), However fthe proof in SAKOJAN (1975) is
unclear in some steps so that we can not use this estimation %o
compute numerical bounds for L in (2.1).

To get numerical bounds for L we have to improve the known tech—
nique of proof given e.g. by TYSIAK (1983) or RYCHLIK (1983),

The basic idea in proving nonuniform eentral limit bounds con-
sists in the partition of the range of x in an appropriate way.
Using the generalized partition given in PADITZ (1987) it is pos—
sible to get numerical bounds for L in (2.1) for all 8e(0,1].

In the most important case 6=1 we will prove the numerical bound

(2.2) Lg121.74 8737 [, py1.

In general case 6:(0,1] we only give the analytical structure of
L=L(6,p) but omit numerical caleulations,

3. The partition of the domain of integration

According to PADITZ (1987) we use the generalized function
245
°n,6,s,s(" = 2B(log| x| o 1og(a1.2+6’n)) z

where a>0 and B»1 are certain parameters choesing later, Now all
numerical estimations are obtained by the help of the following
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partition (with K»0):
(3.1) Ay ={x| 0 g x* g K%},
: 2 2
(3.2) A, = {x| kg x° ¢ ‘n,a,a,p(‘)} p
(3.3) Ay = {x| o °n5,0,8(® § 2 ¢ »},
i.e. ua:l.ng (1.5) we only have %o estimate in (2.1) the parts
I, = é |x|1*6|nn(x)|d.x , k=123 |
k

where here we at first consider the case p=1.
We remark that the sget ‘2 is a so—ealled domain of moderate x,

cp. .8, the set A in MIRACHMEDOV (1985).
To estimate I.1 we ugse the unifoerm error—bound and get
K
240 L

2149 - -
(5:%) Fgh® g O4(8)lp 5 n X 8 38 9908) 7 Lo n 0

lext we consider large x, i.e, m5 °
Thcam 2.1, Assume the econditien

(3,5) Lo ,n 4 2 Kz'aaxp(-g; k%) %

where K-z » (2+#5)B + Then for all m5

(3.6) B (x) § ancl'- 1x|B,) +
-1 2
ax(298) (P15 (L 2p)2%0_ B 2) -I-'(—;‘f.-g’j'— ;
X

where G (y) = E P(Ke I>Y) o

Proof, Without loss of generality let x>0 be, Obviously
D, (x)| § max(1-P (xB ), 1=§(x)) .

Now by the help of the eondition K2y (248 )8

-1/2 -x%/2 geé g1 2
1—&(:) 4 (?u) 1-. / § exp(—log al, - 28 ) =

’



al, (246 ) (B=1) g1 al24s.n (245)(8=1)
Kaalp X eme 3 § e © °

M

-1
exp(=— gr Kz).
With a standard method we estimate 1-Pn(x.Bn):
¥ (xB ) g 1-FJ(xB ) + PJ(xB )-F (xB ) ,

n
where FJ(xB ) = P( E X, 2{IX |gy} < xB,) end y= .:,.; xB, .

Obviously
|PY(xB,) = F (xB )| g G,(¥) «

1
Write h= 5, .n,B,a,ﬁ(x) o Thus we get

a_
1=#7 (xB, )goxp(=hxB_+ %hzlﬁ + y(240) by kL-? E|x, |2*®)
1.2 2 1 249
5““’("‘11,_8,a,3(" tsx 'n',a,a,a(‘) + =(28)°7 ).
Because of the condition (3.5) and xsA; the estimate
12(x8,) § exp(=F oy 5 4 p(x) + 22H)**) &
1 246 B™1 _2. (245)(p—1) T2+ .n
& exp(g(28) —;;— K°)K - m
follows, W
By means of Theorem 2,71 we are able to estimate 15:

2 146=(245
g’ix ) Ex ( m-dx I‘2+6,n

2a
(248)(81)

oxp (2(28)%*

£ x2) 1
2B

1+ 1
B ?\3“" 6, (3=l xIB,) ax +
245 ,n °
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4, The domain of moderate x

Suppose again the conditien (3.5) of Theorem 2,1, The most diffi=-
cult problem is the estimation of Ia. Start with the fundamental

inequality, ep. MICHEL (1981) or TYSIAK (1983),
2
(4.1) |Dn(x)| $ G, ( Iz[B ) + ||n'| fk(h) - oh B /2| o BXB,
k=1
2exp(n?B2/2 - hxB, ) s:p|P(S:<uln)-§(u—th)|,

s n
where f, (h)=Bexp(hE,), T, =X, 4{|X_|<y}, s¥= E Zy and
uf.

P(l:<u) = r;‘(h) S ot dP(Eko:t) (method of conjugate distri-—
- —00

butions). Here and further om put hs(‘l-v)x/Bn and yuyxBn, Y= %-‘;- o
According to PADITZ (1987) we get

n
n2 B, 2,2 o hxB -(2+0)
(4.2) |k|:1£k(h)-¢ le " n £ =75 “1“) a,(x)x Lowe n »
where o, (K)= 1 = -}Y_(2+6)OIP((Y(1-Y)— J"")Kz) and o,(x) =

2

1(1-\')“ ~(2-6)/(245) 2Boxp(= Eo¢ EB 4 (4=42)p) ) 0y 2% ) gy (=l 1) 2
2p 246 2

x/2).

Thus we obtain

2
(#.3) S 1x 148 qu(h)qh Baf2 g 7hxBy 4y ¢

2
00

4
'1&)[;1_-{1_ ~(2-8)/(246) 2 Toxp(E(Z21(1r2)p))ex +

~(246) 1
* K

Oms

) exp(~ %l‘lw)zxa)dx ) Lo &

(K)
—]——(n v-(2+6’+24(1~7)5 20/ (248) (42, (2+6)ﬂ)4)°

I‘2+5'n P
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Next we estimate lupIP(8:<u3n)—§(u-th)| and get by the help of
u

the condition K°31,5(246)B the inequality, ep. PADITZ (1987),

(4.%) sup |B(57cuB, )-§(utB, ) | § (1,—1_- ayq(x) + % ez (K)(ey(x)+

ag(x)4y5(x)) + 0,7915 u *3(x) %q0(x) ) L, ¢ s
where aq_(x)-u’ (K)x exp(- =1 ﬁ)‘-(H)IQ-ré)

(1) B4y (188 (248) ¢ 1 (4 (1)~ m)z )

ay(K) = 1= (=7 O 1 emp(- o ),
ag(x) = y28) """“”: exp((mw)- r—,gwxz) +
-‘21_ ()2 @ ZRI(248) B8y (28 ) > o
ar(E) = 1 =2 2Pexp(- 5 12) ag(x)
ag(K) = ay(K) + ag(K) + a3 (K)(vK) Pmax(1y y(1=y)E?) |
oq0(x)= 63 (K)(vx) Pexp(y(1—1)2?) +ag(x) + ug(z)
ug(x) = J3A(K)X (1)~ 20W (298] Py 2y xz) .

(14x2y(1=y) )y 1¥0)gm2/(298) o o ( (y(Am=y)- T
y1428) 7 & e ((2y(1=y) = -23).: ) )=

‘9(3) = E} 5(1)& (3=b)/(2+8) 1-6019((2 5y( A=y )= ﬁ)sz’

(7-612 =6/ (4+26) g,rb/2a5/(4+26)

.xpcc(mm —y(1=y))x%)) e

=-(146) -&I(zw) e 2,2
(¥ w2 (myex (55 = v(1=1))2)

w41 (023 (€)1 (L (y(1=y)x?) (1-y) 2P 2/ (298),

and finally

2
ayp( D)3 (B) (y0) P (exmp(v(1my)a) + X LPa 2/ (20 oy (Thry)),
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Using the identity on(hzlslHﬂn)-elp(—U-Yz)zzlz) we obtain
according to (4.3)

(4.5) éalxl“%-xp(hznﬁ/mn) oo &

2 ~(1+%).™M . 3 =2/(24%) 2 -245
= oy (K)(143(1y) e (1=y?+ sy

(A6 22 x| 1*®20xp(n®B2/2~0xB ) _-?{;_1-:‘ o (K) (o0, (x) 40 (%) 4085 (x) )

-1

< ‘ﬁ:—l' u-;l(K)( 20cey

163 + 32 E (12T FON (280 (o2, B2

(E)(1=y) 2y © &

21-(2"5 )a2 M 2+b)( (1=y)2+ T_Tz'j _p,)--'l +
252(8) 1 y(2928) (1) (13« 71 »

-2 —~(148) =2 /(2%6) 2 2 -2
83 (K)(1=7)v a () e s
4«.';(!_)(1-v)7_(1*§).'2’(2*5)(1—724, 2% )
and

(4.7) Ezlxﬂ‘“zuy(hznﬁ/m‘) 0.7915 oz *%(K) ayq(x) ax g

620, 1S0ER 4713000 5230650y 1 §

«Je 30y 1) L ((a-p(1=3ne N5
“g¢5(x).r—.(116)a—21(2+8)((1___\,)2* . 2 )"’1.5

:
% T_"(2+2-55_!‘—,(5+1.56)/(2*6)((1—7)(1_47% .‘2%)-1.5 +

+

1 ~(2+1,56) ~(3+0,56)/(2+8) _ 648 1.5
6 ' = e IrT] +(1-Tw)(1-27)) +
33 5(k) (1—y)a {20/ (298) (42, 28 )72.5 ,

1242 B
0.5 -5 =2 /(2+8) s Al 2.5
5“5 (‘)(1-'Y)Y a ((1—‘\') 'I--(-——m) +
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-$/2 2 ~(3-0.56)/(2+6) 65 __\—3.5
5y (1=y)%a (1=y+ (2*”23)

2,50/ 2(1=p) 2T 713/ (248) ((aepy (142y)+ 7 EB735 ),

Concerning the choise of the parameters «, K, f and y= %E-it is

clear that we only consider such values of the parameters that
fulfill the conditions uﬂ(x)>o, u;(K))O and u7(K)>0. Furthermore

we need the technical conditions 1<Bg1.5 , Kzzmaz(#ﬁ, 1.5(2+8)B)

and
max «(x) = max (%.Y"(Q‘ﬁ)‘-(2-5)1(2*6)‘

.y

2=5 2) +

2= G -

7_*'( 1=y)2x ta2 /(2“)011)( (Y(1=y)= 7mmm)x?))
1
s 4
to get the above mentioned estimate (4,4), ep. PADITZ (1987),

Thus we have by the help of (4,1), (4.3), (4.5), (4.6) and (4.7)
the estimation

1148 1+
(4,8) zzlxl [P (x)|dx ¢ E2|x| ah(%EIxIBn) + L'L2§&,n .
where L=L(a,K,y,B,8) is the sum of the bounds in (4,3), (4.5),
(4,6) and (4.7).
To illustrate the constant L appearing in (4,8) we consider the
case &=1 and choose a=17,5604 6 B=1,12981, i.e, y=0,4428, and

1
K =

(4.9) L § 282,700 ,

To compare with the constants appearing in (3.4) and (3.7) we com—
pute in this case (6=1)

(#.10) 2= €,(8) K**® ¢ 4.3056

= 2,01322 , By means of a BASIC—programme we compute

and

(1) oy caory ex(H28)?Ro B x?) ¢ 138,95 .
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It remains to estimate the term

148
( i +i JixI " *Pe (3ol x|B,) ax .
2 3
we get the bound
00

146, (1 2_ —(248)
(s12) ) 12100, oixiny) ax = gy n,

where in our example

2 —(2+)
s $ 7.6787

holds,

Thus we obtain the following result (case &=1):
o

- 148
(4.13) _éolxl ID,(x)| ax & 433.178 L2+5,n :

if we assume the condition (3.5).

5. An error bound for large values of iné,n

Now we consider the case

(5.1) Loy >3 K% empi= L2 k%)

and prove

Theorem 5,1, Suppese (5.1), where a0, K>0, B>1 are appropriate

parameters and $e(0,1] ., Then
00

149
(5.2)_é°lxl IDp(x)jdx ¢ MeLpg o

where M = M(a,K,B,6) = Ei;{(1¢5)25'2+n5)ax"2*5)oxp(%ixz) +

6,248 &, 146/2
(2+ 3)7) and Dy = 2-((21-3)0)

To prove this theorem we need the following lemma:
Lemma (NAGAEV|PINELIS (1977), see NAGAEV (1979, p. 784)):
It 6¢(0,1] then
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n 248
-4:2:: 8,2+%
(5'5) By k=1 Xl £ B2 (2t ") “Losem o
where Dg is the constant given above.

Paking t=2+6 end o=2+ % in the sbove mentioned result by NAGAEV|

PINELIS we obtain (5.,3). Let us continue the proef of Theorem 5.1,
Aecording to NAGARV|JEBOTAREV (1978), NAGAEV (1979) or CEBOTAREV
(1979) write

@ 0o

R 2+%
A 1 g3 148
S ¢ Jonsl Eony 2 " egme

2+ _ _
== A2+ 8 A_(om)=1/2,(3+0) /2 228
$ = Dg + 2*6(2+ U Laﬁ’n + 24(2') 2 M=)

Taking into account the inequality (5.1) we obtain (5.2). m

To illustrate the constant M in (5.2) we consider the case &=1 and
choose the same parameters already considered above: a=17,5604 |
B=1.12918 and K=2,01322 , A simple calculation leads to the same
bound given above in (4.,13):

(5.4) M ¢ 433,178 .

In conclusion we note that the estimations (3.4), (3.7), (4.8) and
on the other hand (5.,2) give an upper bound of I1+12+I3 , 1ees

for all 5&(0,1]
Q0 '

(5.5) ™ p (x)jax ¢ ing min(M(a,K,B,8) , === C.(8)
o -éo Lo s 5 a>e]:x>o,'s>1 AR, 2+& 1
(= 1)
2+ 28 2+5 2, 2 _(3a) _
K%+ TG @ ae) t' ey

L(a,K,y,B,8)) L2¢éin
=3 IJ1 (6 )I'216,n °

6. The proof of the inequality (2.1)

We estimate the term on the left hand side in (2.1) in the follo=—
wing manner:
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@ a o
(S (121281 p, (x) )Pax )P g S ((1+]x))2¥VP|p_(x)])Ps
-0
1
ax )P

1
£-4 lup((1+|x|)2+5|Bn(x)|)p-.1 )p ( (1+|x|)1+6|Dn(x)|dx )}
x

=
< 2148 1,P(aup(1+lx|2+6)lb (x)|) ~

le é~z«g

(. 7
¢ Y1412 ) p, (x| ax)

—o0

g 217 80 VR (330 + 1g80)VP 1,

where we used the inequalities (1.4), (1,5) and (5.5).
Remark that in (1,5) for all 8e(0,1]

> B( == min(s, 'I“'n;LMn ;

k=1 Bn
In the case 6=1 we obtain by the help of (4,13) and (5.4) the
numerical estimation (p21)

2V /P (g, (6))171/P (33,0041, (8))VP ¢

4e2 V2,351,935V P(33,00 + 433.178)VP ¢ 127.74 RT5T

7. An application to normalapproximation of sums of 1,—valued

random elements

Let Ik = (xk1’ Ikz, ooo) = (xtj)jl1 2,..."” ° k=1,2,..., ’ be a
sequence of independent random elements in the HILBERT space 12,

2 0
ice. B||X[]? = K E:E xij) < oo for all k .

Assume for simplieity that the X, k=1,2,...,n , are identically
distributed with

(7.1) EX, =0 , B|[Xf|® =1 ama E||I4]I° <o .

Write Elﬁjz ¢§ z l]x..l;,l‘,’ua:l and suppose « 2 ¢j+1 for all j .
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Now let 2 = (Z;, Zy, ese) = (21)3;1 2 be a gaussian randem

’ ,.-.,00

2

element in the space 1, with EZ=0 and BZ= -:3? for all j .

We intreduce the noetation

n n
< /8 5 e ;
S, =n o X, end S,y =n EE; ej s

i.e, snj is the j—th ooardinato of Bn .
In the theory of summation of lz-valuod randem elements the nor-

, v
malapp;axbnation is considered e.g. by NAGAEV|CEBOTAREV (1978)
or by CEBOTAREV (1979) in the sense of finding of upper bounds
for

(7.2) d, = sup|P(||8,]||<x) = P(||Z]|<x)| »
x _

To obtain useful eentral limit bounds for ‘n let us ndditiopally
iuppase the independence of the coordinates of Ik and of 2 .
In order to formulate a rasult by HAGAEVlEEBO&AREV (1978) we put

a{™ . sup| 2( > g2 25 <0 - 2 g__ 2% < x| ,

3=1
i, 4, = dn°°) .

Theorem 7.1 (NAGAEV | CEBOTAREV (1978)): Let X, , k=1,2 ,..,n , be

a sequence of independent and identiecally diltrihutcd random
elements in 1, , where additionally the coordinates of X

are independent. Aslune the conditiens (7.1), then
-3/4 o
(7.3) 4, §¢n ’2<|'1 ) ey e
where C is an absoluto constant,

The main ides of the proof of (7.3) consists in the represente—
tion of ‘n by the help of the onedimensional variables lni-anl-

in the estimation of a so—called pseudomoment feor Snjl
00 )

(T.4) ) X2|P(S_ . <xm,) — ax |
-S“ I nj nj) Q(I)I X
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where §(x) is the N(0,1)-distribution function.,
From (5.5) it follows that we have in (7.4) the upper bound

(7.5) 433,178 a2 3’ By .

By the help of (7.5) a numerical estimation of C in (7.3) is pes—
gible in the following manner:

(7.6) ©C g 2+433.,178 = 866.356 .

In order to better imagine which role plays the pseudomoment
(7T.4) in the proof of (7.3) and how to get the numeriecal bound
(7.6) we sketeh the proof of (7.3). Write

2 2
Fn:(x) = P(an<x) and Gj(xJ = P(Zd<x) .
Taking into acecount the independence of the coordinates we obtain

4 s G M

where

™ = sup| (%0, = (= ¥ = = ¢,)(x)] .

X =1 J=m+1 j=m+1
Let fnj and gj be the charaoteri-tio functions of Fnd and Gj -

rcspcetivoly. !hnl by the help of the inversion formulae

(rem) o™ g 2 S BRG lr‘l 8y (] 2508) = [] gy(0)] s

_ j=m+1 J=m+1
and furthermore we use the known inequality

If:lfnd - I';IIJI s? |In3 -SJI .

Aceording to NAGAEV|GEBOTAREV (1978) we get
Q0

(748) |£,4(t)-85($)] § 4|t|5/2_é°xz|r(s.n3<x o )-§(x)|ax of ,

i,e, the pseudomoment (T7.4) appears in the bound of |rnj_'j| .
Now we decompose the domain of integratien in (7.7)

(l) S ese at + :"’ S see at = I + I
$3 16162, T s]>T, ¥

and use the bounds (7.8) end (7.5) to estimate 11 3
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I, 7 433,178 o /2 14172 Pray (0] as

J=ms1 9 |4 55 ju=1
On the other hand for I2 we get, eioo-ing

= 13 ( ;B )y 2/3 s VX0,

j=m+1

-5/2 } 12, =
I 181 T 184(8) | as

Therefore

00
p{®) 2 433,178, 2 /2 J-:: ez,
. ‘ nax( 3317 | ) £ == é %]

m
'H‘J(t)l at
=1
Now choosing y as a solution of the equation
4 2 _=3/2
'i 4550178 = l Y.
and using the following representation of |gj(t)|

|85(+)] = (144 &F $2)71/%

we get in the case m=4 by the help of CAUCHY's inequality
()

5 Itluzll"ls,(ﬂl as g 2 ( B o,
b il i=1
The proof shows that the main part consists in the estimation of
(5.5) to estimate (7.4), An analogous result of Theorem 7.1 is
given by $EBOTAREY (1979) in the case of not necessarily identi-

cally distributed réandom elements in the space 1., P22, however -

without numerical coemputation of the appearing absolute censtant,
Numerical estimations will be possible by the help of the here
demonstrated technique of the proof.

It remains to remark that in the case p>2 in (5,5) the parameter
& is equal to p~1 and in the bound appears the additional term
LE n s OPe GEBOEARIV (1979), RIGILII (1985) or MIRACHMEDOV (1985):
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_ilxlplnn(x)l ax g Li(p) (Tpyg o + B3 ) , B2,

where L1(p) is an (unknown) absolute constant,

111

12|

I3
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