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Abstract:
The considered experiments help our students better to understand the randomness and the statistic methods of
every day life. At first we initialize the random number generator of our CASIO FX 2.0 PLUS in the RUN-
menu by the help of Ran# 0. Let us begin with an experiment on a die which has been rolled  N = 100 times.
Each face does not appear an equal number of times. Is there something wrong with the die? In M = 250 of such
experiments the chi square variable is computed, i.e. the die is rolled N * M = 25000 times by the help of the
CASIO FX 2.0 PLUS. We check up that indeed chi square variables are simulated (only in the case of a fair
die). The chi square variable is a statistical measure on the difference between the expected outcome and the
actual outcome. The probability theory tells us that we should expect each face of the die to appear  N / 6  times.
But in actuality this usually does not happen. By the help of the CASIO FX 2.0 PLUS we simulate M = 250 chi
square variable to answer the question „What is the significance of the chi square test?“ and „How close to zero
must the chi square variable be to conclude to have a fair die?“. Here we simulate an unfair die with the
probability distribution P( X = k ) = 2 / 11 for k=1,2,3,4,5 and P( X = k) = 1 / 11 for k=6.

Keywords: chi square goodness of fit test, random number generator, simulation and exploration of data

1. Discussion on the considered problem:

The chi square goodness of fit test computes the chi square variable C, which we have simulated M
(= 250) times (M experiments), to decide the hypothesis on the fairness of the rolled die.

The null hypothesis is   P( X = k ) = 1 / 6  for all  k = 1, 2, 3, ..., 6.
( The alternative let be

P( X = k ) = 2 / 11  for all  k = 1, 2, 3, 4, 5,   and   P( X = k ) = 1 / 11  for  k = 6  )

If in one experiment we roll the die N (=100) times, we have
the expected frequencies  List 11 = {N/6, N/6, N/6, N/6, N/6, N/6}    and
the observed frequencies  List 12 = {H1, H2, H3, H4, H5, H6}    with   H1 + H2 + ... + H6 = N

E.g. let be List 12 = {15, 10, 18, 22, 17, 18}

We compute in the RUN-menu  C = chi square value = Sum( (List 12 – List 11)^2 / List 11 ) = 4.76:

    

Practically by the help of one chi square value C we have to decide between the null hypothesis and
the alternative.
What is with the error of first kind, if we decide against the null hypothesis and the null
hypothesis was valid?
What is with the error of second kind, if we decide for the null hypothesis and the null
hypothesis was false?
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Remember:
We consider the probability of the error of the first or of the second kind.

By the help of chi square distribution (5 degrees of freedom) we know:

P(C > 4.76 | null hypothesis is valid ) =
= 1 - Int( sqrt(X^3 * e^(-X) / (18pi) ), 0, 4.76, 10^(-6) ) = 0.446 = 0.45 = alpha

( Here the simulation shows   P(C > 4.76 | null hypothesis is valid ) = 112/250 = 0.448 = 0.45 )

Thus alpha% = 45% of our experiments give a chi square value of a fair die, which is at least 4.76! If
we decide against the null hypothesis, then the probability of the error of first kind is alpha% = 45% !

    

    Using the chi square distribution function

It is possible to draw the chi square density function in the GRPH-TBL-menu and compute the
probability  1-alpha = 1-0.446 = 0.554  by the help of an integral (area):

    

    

    

Why is the whole area black?  The same sceenshots from the CASIO CFX 9850GB PLUS:
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Next, on the other hand by the help of our simulation,
P(C < 4.76 | our alternative is valid ) = 45/250 = 0.18 = beta

Thus if  we decide (because of C < 4.76) not against the null hypothesis, then the probability of the
error of the second kind is beta% = 18% !

Finally the problems:
The chi square goodness of fit test is not contained in the STAT-menu (cp. F3: 3: chi square).
Practically the chi square goodness of fit test works with a significance of alpha% = 5% , i.e. we need
the quantil C0.95 with P(C > C0.95) = 0.05 or P(C < C0.95) = 0.95 .
How to compute the quantil C0.95 by the help of CASIO FX 2.0 PLUS?  In the STAT-menu (cp. F5:
1: )  we have have the Inverse of the normal distribution function but not in F5: 3: the Inverse of a chi
square distribution!

An other question ist the solution Calpha of the Equation alpha = beta, i.e.
alpha = P(C > Calpha | null hypothesis is valid ) = P(C < Calpha | our alternative is valid ) = beta
and the computation of the error probability alpha ( = beta) by the help of the CASIO FX 2.0 PLUS.
The CASIO FX 2.0 PLUS can not solve these problems in a direct manner (EQUA-menu or CAS-
menu) but by the help of numerical integration and tabulation the (empirical) distribution functions of
the simulated data in the RUN-menu. In the STAT-menu we can observe the functions in form of x-y-
lines and search the solutions of the considered equations.

2. Sceenshots on the simulation and statistical/graphical exploration of data:

In the STAT-menu make the following SET UP: List File: File 1, Display: Fix3 :

    

Start of the random number generator after resetting: RUN-menu: Ran# 0 and using the generator Ran# 1

    
Start of the program FAIR DIE (Simulation of a fair die, code = 1)

    
The CASIO FX 2.0 PLUS needs approximately 30min to generate 250 chi square data. Some chi square data:
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Start of the program FAIR DIE (Simulation of an unfair die, code = 0)
The CASIO FX 2.0 PLUS needs approximately 30min to generate 250 chi square data.
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�Chi square data (unfair die)

Now the definition and the histogram of the fair die chi square data follow:

    

    

    

    The frequency polygon

    

  Store the histogram in the background picture 1
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    polygon and histogram together

In the GRPH-TBL menu we draw the chi square density function with the background picture 1:

    

    

Now we store the background picture 2, the polygon:

    

    

  The chi square density function together with the polygon (fair die)

3. Now some error conditions:
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  The FX 2.0 PLUS can’t draw two different statistical plots

    

  Too large lists with 300 elements are not possible

4. Screenshots of  the chi square data of the unfair die:

    

    

The polygon (background picture 3 in the new view window, fair die) together with the histogram of
the chi square data (unfair die):

  

The histogram (unfair die) we store in picture 4:
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The polygon (unfair die) we store in picture 5:

    

    

  The polygon together with the background picture 4

Finally we draw the chi square density function (fair die) and the polygon of the unfair die:

  

Now we can see, that the computed data of an unfair die are not chi square data!

5. Drawing the empirical distribution functions of the simulated data

To draw the empirical distribution functions of the simulated data we create the cumulative List 13
(fair die) and the cumulative List 14 (unfair die) respectively in the RUN-menu. In the STAT-menu
we can observe these lists:

  

    

Next we create the table of values of the theoretical chi square distribution in the RUN-menu:
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List 15 = { X | X = 0 ( 0.1 ) 15 }, List 16 = { Y | Y = �( X^1.5 * e^(-X/2) / �( 18 �), 0, List 15, 0.001) }

    

In the STAT-menu we draw the chi square distribution function (5 degrees of freedom):

    

In the RUN-menu we compute List 17 = 1 – List 16 to draw the function Y = 1 – distribution_function

    

    

Finally we intersect the  Y = 1 - distribution_function (fair die) with the empirical distribution function
(unfair die) to solve the equation alpha=beta:
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   grafical solution:  0.287 < alpha < 0.297,  0.288 < beta < 0.300 .

Thus, the solution of the equation  alpha = beta  is approximately  alpha = beta = 0.29 = 29%  (say)
and the quantil is approximately 6.15 (say), i.e. in our considered simulations 79 of 250 chi square
data (fair die) were at least 6.15 ( alpha = 79/250 = 31.6%, theoretically 29%) and 72 of 250
simulated data of the unfair die ( beta = 72 / 250 = 29%) are smaller than 6.15 .

If we decide for or against the fair die by the help of the citical value 6.15, then the probability of
the error of second kind is not greater than the probability of the error of first kind.

To compute the quantil  C1-alpha  for a given  alpha  we solve the problem by means of graphical
methods in the STAT-menu:  E.g. let be  alpha = 0.05  the given significance of a chi square goodness
of fit test. We intersect the confidence 1-alpha = 0.95 (StatGraph1) with the chi square distribution
function (StatGraph3): the interpolation gives C1-alpha = 11 + 0.1 * 0.00138 / 0.00195 = 11.07 .

    

    

    

5. Tabel of the simulated data of M = 250 experiments, if in each experiment the die rolls
100 times.

The simulated data: A random sample of size 250 (the list of the chi square data, the raw
data list), sort in ascending order (ListFile1 List6, fair die), the critical value let be 6.15 (blue
< 6.15, red otherwise)
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(Start of the random number generator after resetting: RUN-menu: Ran# 0 and using the generator Ran# 1)

0.20
0.44
0.80
1.16
1.16
1.16
1.28
1.28
1.28
1.28
1.28
1.40
1.40
1.40
1.40
1.40
1.40
1.52
1.52
1.52
1.52
1.64
1.64
1.64
1.64
1.76
1.76
1.76
1.76
1.88
1.88
1.88
2.00
2.00
2.12
2.12
2.12
2.12
2.24
2.24
2.24
2.24
2.24
2.36
2.36
2.48
2.48
2.60
2.60
2.60

2.60
2.60
2.72
2.72
2.72
2.72
2.72
2.84
2.84
2.84
2.84
2.84
2.84
2.84
2.84
2.84
2.84
2.84
2.84
2.96
2.96
2.96
2.96
2.96
3.08
3.08
3.20
3.20
3.32
3.32
3.32
3.32
3.32
3.44
3.44
3.44
3.44
3.56
3.56
3.68
3.68
3.68
3.68
3.68
3.68
3.68
3.68
3.80
3.80
3.80

3.80
3.92
3.92
3.92
3.92
3.92
3.92
4.04
4.04
4.04
4.04
4.16
4.16
4.16
4.16
4.16
4.28
4.28
4.28
4.28
4.28
4.28
4.28
4.28
4.40
4.40
4.40
4.40
4.40
4.52
4.52
4.52
4.52
4.64
4.64
4.64
4.64
4.64
4.76
4.88
4.88
5.00
5.12
5.12
5.12
5.12
5.12
5.24
5.24
5.36

5.36
5.36
5.36
5.48
5.48
5.60
5.60
5.60
5.60
5.60
5.72
5.72
5.84
5.84
5.96
5.96
5.96
5.96
6.08
6.08
6.08
6.20
6.20
6.20
6.32
6.32
6.44
6.44
6.44
6.56
6.56
6.56
6.80
6.80
7.04
7.04
7.04
7.04
7.16
7.28
7.40
7.40
7.52
7.52
7.64
7.64
7.76
7.76
7.76
7.76

7.76
7.88
7.88
7.88
7.88
8.00
8.12
8.24
8.36
8.36
8.36
8.48
8.60
8.60
8.84
9.08
9.20
9.32
9.32
9.32
9.44
9.44
9.56
9.56
9.80
9.92
9.92
9.92
9.92

10.04
10.28
10.40
10.52
10.52
10.64
10.76
10.76
10.76
11.24
11.72
11.84
11.84
12.08
12.44
12.44
12.56
13.04
13.16
13.28
13.88
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Primary data and frequencies (ListFile1 List7 and ListFile1 List8, fair die), again the critical value let be 6.15
(blue < 6.15, red otherwise)

chi-square data frequency Cuml chi-square date frequency Cuml

0.20
0.44
0.80
1.16
1.28
1.40
1.52
1.64
1.76
1.88
2.00
2.12
2.24
2.36
2.48
2.60
2.72
2.84
2.96
3.08
3.20
3.32
3.44
3.56
3.68
3.80
3.92
4.04
4.16
4.28
4.40
4.52
4.64
4.76
4.88
5.00
5.12
5.24
5.36
5.48
5.60
5.72
5.84
5.96

1
1
1
3
5
6
4
4
4
3
2
4
5
2
2
5
5
12
5
2
2
5
4
2
8
4
6
4
5
8
5
4
5
1
2
1
5
2
4
2
5
2
2
4

1
2
3
6
11
17
21
25
29
32
34
38
43
45
47
52
57
69
74
76
78
83
87
89
97
101
107
111
116
124
129
133
138
139
141
142
147
149
153
155
160
162
164
168

6.08
6.20
6.32
6.44
6.56
6.80
7.04
7.16
7.28
7.40
7.52
7.64
7.76
7.88
8.00
8.12
8.24
8.36
8.48
8.60
8.84
9.08
9.20
9.32
9.44
9.56
9.80
9.92
10.04
10.28
10.40
10.52
10.64
10.76
11.24
11.72
11.84
12.08
12.44
12.56
13.04
13.16
13.28
13.88

3
3
2
3
3
2
4
1
1
2
2
2
5
4
1
1
1
3
1
2
1
1
1
3
2
2
1
4
1
1
1
2
1
3
1
1
2
1
2
1
1
1
1
1

171
174
176
179
182
184
188
189
190
192
194
196
201
205
206
207
208
211
212
214
215
216
217
220
222
224
225
229
230
231
232
234
235
238
239
240
242
243
245
246
247
248
249
250
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Secundary (grouped) data and frequencies

(ListFile1 List9 and ListFile1 List10, fair die, and ListFile1 List4 and ListFile1 List5, unfair die)

chi-square data
( class limits
k < X < k+1

class mark k + 0.5)

frequency
(fair die)

chi-square data
( class limits
k < X < k+1

class mark k + 0.5)

frequency
(unfair die)

(0)
0.5
1.5
2.5
3.5
4.5
5.5
6.5
7.5
8.5
9.5
10.5
11.5
12.5
13.5

(3)
3
29
42
33
34
27
16
21
10
14
9
4
4
4

(0)
0.5
1.5
2.5
3.5
4.5
5.5
6.5
7.5
8.5
9.5
10.5
11.5
12.5
13.5
14.5
15.5
16.5
17.5
18.5
19.5
20.5
21.5

(2)
2
3
10
15
15
20
21
23
25
20
25
16
11
11
6
9
8
4
2
1
2
1
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A random sample of size 250 (the list of the chi square data, the raw data list), sort in ascending order
(ListFile1 List1, unfair die), the critical value let be 6.15 (red < 6.15, blue otherwise)

0.32
0.92
1.40
1.52
1.76
2.00
2.00
2.36
2.36
2.48
2.60
2.72
2.72
2.72
2.84
3.08
3.08
3.20
3.32
3.44
3.56
3.68
3.68
3.68
3.68
3.68
3.68
3.80
3.92
3.92
4.04
4.04
4.16
4.16
4.28
4.52
4.52
4.52
4.52
4.64
4.64
4.76
4.76
4.76
4.76
5.00
5.12
5.12
5.12
5.12

5.36
5.48
5.48
5.48
5.60
5.60
5.60
5.72
5.72
5.84
5.84
5.84
5.84
5.96
5.96
6.08
6.08
6.08
6.08
6.08
6.08
6.08
6.20
6.20
6.20
6.32
6.32
6.32
6.56
6.56
6.56
6.68
6.80
6.80
6.92
6.92
7.04
7.04
7.04
7.04
7.16
7.16
7.28
7.40
7.52
7.52
7.52
7.52
7.52
7.52

7.64
7.64
7.64
7.76
7.76
7.76
7.76
7.88
7.88
8.00
8.12
8.12
8.12
8.12
8.12
8.24
8.36
8.36
8.36
8.48
8.48
8.48
8.48
8.60
8.60
8.60
8.60
8.72
8.72
8.72
8.72
8.84
8.96
8.96
9.08
9.08
9.20
9.20
9.32
9.32
9.32
9.32
9.32
9.32
9.44
9.44
9.68
9.80
9.80
9.80

9.92
9.92
9.92
9.92

10.04
10.04
10.16
10.16
10.16
10.28
10.28
10.28
10.40
10.40
10.40
10.52
10.52
10.52
10.52
10.52
10.52
10.64
10.64
10.64
10.64
10.76
10.76
10.88
10.88
11.00
11.12
11.24
11.24
11.24
11.24
11.36
11.36
11.36
11.48
11.48
11.60
11.84
11.84
11.96
11.96
12.08
12.08
12.20
12.20
12.20

12.32
12.44
12.68
12.80
12.92
12.92
13.04
13.04
13.04
13.04
13.04
13.16
13.28
13.28
13.28
13.64
13.88
14.00
14.24
14.24
14.36
14.36
14.96
15.08
15.08
15.20
15.32
15.32
15.44
15.68
15.68
15.80
16.04
16.04
16.04
16.04
16.04
16.28
16.76
16.76
17.24
17.48
17.48
17.60
18.56
18.56
19.40
20.00
20.72
21.20
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Primary data and frequencies (ListFile1 List2 and ListFile1 List3, unfair die), again the critical value let be 6.15
(red < 6.15, blue otherwise)

chi-square variable frequency Cuml chi-square variable Frequency Cuml
0.32
0.92
1.40
1.52
1.76
2.00
2.36
2.48
2.60
2.72
2.84
3.08
3.20
3.32
3.44
3.56
3.68
3.80
3.92
4.04
4.16
4.28
4.52
4.64
4.76
5,00
5.12
5.36
5.48
5.60
5.72
5.84
5.96
6.08
6.20
6.32
6.56
6.68
6.80
6.92
7.04
7.16
7.28
7.40
7.52
7.64
7.76
7.88
8.00
8.12
8.24
8.36
8.48
8.60
8.72
8.84
8.96

1
1
1
1
1
2
2
1
1
3
1
2
1
1
1
1
6
1
2
2
2
1
4
2
4
1
4
1
3
3
2
4
2
7
3
3
3
1
2
2
4
2
1
1
6
3
4
2
1
5
1
3
4
4
4
1
2

1
2
3
4
5
7
9

10
11
14
15
17
18
19
20
21
27
28
30
32
34
35
39
41
45
46
50
51
54
57
59
63
65
72
75
78
81
82
84
86
90
92
93
94

100
103
107
109
110
115
116
119
123
127
131
132
134

9.08
9.20
9.32
9.44
9.68
9.80
9.92

10.04
10.16
10.28
10.40
10.52
10.64
10.76
10.88
11.00
11.12
11.24
11.36
11.48
11.60
11.84
11.96
12.08
12.20
12.32
12.44
12.68
12.80
12.92
13.04
13.16
13.28
13.64
13.88
14.00
14.24
14.36
14.96
15.08
15.20
15.32
15.44
15.68
15.80
16.04
16.28
16.76
17.24
17.48
17.60
18.56
19.40
20.00
20.72
21.20

2
2
6
2
1
3
4
2
3
3
3
6
4
2
2
1
1
4
3
2
1
2
2
2
3
1
1
1
1
2
5
1
3
1
1
1
2
2
1
2
1
2
1
2
1
5
1
2
1
2
1
2
1
1
1
1

136
138
144
146
147
150
154
156
159
162
165
171
175
177
179
180
181
185
188
190
191
193
195
197
200
201
202
203
204
206
211
212
215
216
217
218
220
222
223
225
226
228
229
231
232
237
238
240
241
243
244
246
247
248
249
250
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6. Program List FAIR DIE
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Remember:

Unfair die: List1, List2, List3, List4, List5, List 14 (Cum List 3), List 19 (List14/M)
Fair die: List6, List7, List8, List9, List10, List 13 (Cum List 8), List 18 (List13/M)
Example: List11, List12 (one experiment with 100 rolls)
Chi square distribution function: List15, List16, List17 ( = 1-List16)
Confidence niveau  1-alpha: List 15 and List 20
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Program files you get by the help of the CASIO Program-Link FA-123 (Software)  here:

http://www.informatik.htw-dresden.de/~paditz/FAIRDIE1.CAT
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