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Abstract:

It seems, that sometimes the ref- and rref-functions does not work in a good manner, if we
consider a matrix with parameters. This is a well-known problem of the TI-CAS-calculators
updated with the newest OS version 3.10 too.

In this lecture we introduce a one-step-procedure to transform a matrix with parameters, the
new created linegsys(mat,i,k) function, where i and k are the coordinates of the pivot.

I denotes the pivot-row and k denotes the pivot-column to pivoting the matrix mat.

During the one-step-procedure we omit the old pivot-column, i.e. from step to step we get a
smaller matrix for the considered problem. Finally we can see the behaviour of the solution of
the considered system in the dependence on the parameters and we can see the solution too.

To get the rank of a matrix with parameters, we use a similar pivoting-procedure and omit the
previous pivot-column and previous pivot-row after an exchange-step. Here we use the new
created rank(mat,i,k) function. The rank of a matrix is the possible number of exchange steps.

During the lecture several examples are given and demonstrated with the TI voyage200.

Let’s start with the following linear system of equations with parameter t:
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We try to solve this system with the rref-function and get:
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With the ref-function we get more information:
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Again, we see: no solutions for all t.

Now we choose t = 0 and get another result, a solution:
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If t = 0 then we have the solution [-2/7, 3/7, 5/14] and otherwise (t not equal 0) no solution.
It seems, the ref- and rref-functions sometimes does not work in a good manner, if we con-
sider a matrix with parameters.

Now let’s have a look on the well-known simult-function:
Consider the linear system of equations with 4 equations and 3 unknown variables and a para-
meter t in the following manner:

-1x+0y+2z-1=0 (equation 1)
Ox+1ly-4z+1=0 (equation 2)
3x+2y+t*z+0=0 (equation 3)
1x+3y+0z-1=0 (equation 4)
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The simult-function can’t solve the equation system with a singular matrix. Therefore we
consider:
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What happens if t=-14 ? In this case we get a singular matrix and can’t decide exist a
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solution. Possible is a contradiction or many solutions.
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In this paper we introduce a one-step-procedure to transform a matrix (with parameters) in
another one. Each of in such a manner created matrix is the matrix of an equivalent system,
I.e. the system with the transformed matrix has the same behaviour concerning the solutions.
It is clear, that we consider the augmented matrix with the coefficients and the right hand side

of the linear system.

We hope, that the new commands will be included in one of the next updates of the OS of the

here considered CAS-calculator.

We introduce a one-step-procedure to transform a matrix with parameters, the new created

Thus the simult-function is not so helpful.

lineqsys(mat,i,k) function, where i and k are the coordinates of the pivot.
I is the pivot-row and k is the pivot-column to pivoting the matrix mat.

During the one-step-procedure we omit the old pivot-column, i.e. from step to step we get a

smaller matrix for the considered problem.

Have a look in the program of the new created lineqsys-function:
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Tinegsys(mat,i, k)

Func
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Local dimlist,nrow,mcolumn,pcolumn,hrow,mat1,mat11

rowDim(mat)>nrow

colDim(mat)>mcolumn

Tistrmat (mid(mat>1ist(mat), (i-1)+*mcolumn+1,mcolumn))/
(-mat[i,k])>hrow

(Tistrmat (mid(mat»1ist(mat™), (k-1) *nrow+1,nrow))) ">pcolumn
expand (mat+pcolumn*hrow)>mat1

If i>1 and i<nrow Then

(augment (augment (subMat (mat17,1,1,mcolumn,i-1) ,hrow™),
subMat (mat17,1,1i+1,mcolumn,nrow))) ">mat1

ElseIf i=1 Then
(augment (hrow™ ,subMat (mat1™,1,i+1,mcolumn,nrow))) ">mat1

Else
(augment (subMat (mat17,1,1,mcolumn,nrow-1) ,hrow™)) ">mat1
EndIf

If k>1 and k<mcolumn Then
augment (subMat (mat1,1,1,nrow,k-1),
subMat (mat1,1,k+1,nrow,mcolumn) )>mat11

Elself k=1 Then
subMat (mat1,1,k+1,nrow,mcolumn)>mat11

Else
subMat (mat1,1,1,nrow,k-1)>mat11
EndIf

Return mat11
EndFunc

The idea for the new linegsys(mat,ik)-function and the new rank(mat,ik)-function
respectively is the exchange-algorithm by the Swiss Prof. Dr. math. Dr. h. c. Eduard Stiefel of

the ETH Zurich (*1909, 11978).

Every step of the EX-algorithm (EX=exchange) works with a so-called pivot (pivot element)
in the row i and the column k of the considered matrix mat. The start-matrix mat is the
augmented matrix (A,-b), if we want to solve the linear system A*x = b or A*x - b = 0. Here
0 denotes the zero-vector and vector x contains the unknown variables. Now we check the

new lineqsys(mat,i,k) with voyage200:

Let’s consider our example with the above considered equations 1 to 4:
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Thus we get immediately the result: If t = 0 then we have the solution [-2/7, 3/7, 5/14] and
otherwise (t not equal 0) no solution. So we have a possibility to solve a system step by step.

The theoretical background is the following exchange-procedure, cp.

Paditz,Ludwig: Mathematische Modelle und wissenschaftlich-technische Anwendungen,
Beispiele aus Schule und Studium mit dem grafikfahigen Symboltaschenrechner ClassPad

300,
Hrg. v. CASIO Europe GmbH im Bildungsverlag EINS, Norderstedt 2004 (1.Aufl.), 112 S.

ST | «x y 2 1 Austausch von Variablen in y und w zur Er-
V4 @ 0 -1 Zeugung aquivalenter Systeme:
Vo 0 1 -4 1 (@ Wanhl eines Pivots ungleich Null (z.B. a,,)
Vs 3 2 t 0 @ .Keller“-Zeile notieren (als Pivotzeile, ge-
YV, 1 3 0 -1 teilt durch das negative Pivot), kein Ein-
K * 0 2 =1 trag unter dem Pivot, hier ¢ notieren.
System T1 {y1 mit x ausgetauscht):

T1 Yy y z 1 @ Yy = 0 (!Hilfsvariable), darunter kein

* 0 2 =1 Eintrag notwendig, hier , ** notieren.
Vs * @ -4 1 @ Fur alte Pivotzeile aus ST jetzt K-Zeile
Vs * 2 t+6 | -3 notieren. Restliche Elemente werden ad-
Yy * 3 2 -2 diert mit Produkt aus darunter stehendem
K * * c -1 Element der K-Zeile und daneben ste-

hendem Element der Pivotspalte.
® analog @ und @ (in T, Pivot und K-Zeile)

The first table shows the start table ST with the augmented matrix mat and the help-row K for
computation the next table T1.



The pivot is -1 and we exchange x against y1. We don’t fill the columnyl in T1,ie. Tlisa
shorter equivalent representation of the considered linear system. The EX-rules to get T1 we
can summarize:

1. Choose a pivot not equal 0 in ST.

2. Compute the help-row K: Put * in the pivot column, the other elements of the pivot row are
to be divided by the pivot with the opposite sign and put in K.

3. In T1 the pivot is replaced by its reciprocal value. The other elements of the pivot column
are to be divided by the pivot. (y1=0, i.e. we omit rule 3., i.e. we have no new y1-column.)

4. The other elements of the pivot row are now the elements of the help-row K
Elements in the remaining part of the new table or matrix are transformed by means of the
old pivot column and help-row K in the following manner (triangle-rule): add to the
considered element the product of the element of the help-row K and in the pivot column,
where you have to go in vertical and horizontal direction respectively.

5. Similar to 1. and 2., now in T1: Choose the pivot in T1 and add the K-row in T1.

With the calculator:
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Now we do the next EX-step with the same rules in the matrix T1 to get T2, and in T2 to get
T3:

System T2 {y2 mit y ausgetauscht):

® wie @und@ (mit y,=0)
@ wie @ und @ (in T, Pivot und K-Zelle

festlegen)

t+14 | -5

System T3 = ET (Endtabelle)

(y, mit 2 ausgetauscht):

* * * =207 Auswertung: Fur t=0 ist y3=0 erfullt und die
y * * * 317 Losung lautet:
Vs * * * | -b+b(t+14)/14 x=-217,y=317,z=5/14.
=5t/14 Fiir t=0 ist y,=0 nicht erfallt,
=4 * * * 5114 Widerspruch in ys-ZeiIe, d.h.

With the calculator:

keine Losung maglich.
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Thus we get immediately the result: If t = 0 then we have the solution [-2/7, 3/7, 5/14] and
otherwise (t not equal 0) no solution. So we have a possibility to solve a system step by step.

This one-step-procedure is helpful for the learning process of our students. It is an interactive
work with the CAS-calculator. The decision on the choice of the pivot will be done by the
student and the transformation of the matrix or table will be done by means of the tool. Thus
we get in a good manner all cases of the parameter t, which we have to consider.

Remark:
We know that the number of EX-steps is the rank of the considered matrix. Thus we have:
rank(A) = 3 = rank(A,-b) = rank(mat) fort=0
and
rank(A) = 3 < rank(A,-b) = rank(mat) =4 fort=0.

If only we want to get the rank of a matrix (and not the solution of the linear system,
connected with the matrix), then we should use the new created rank(mat,ik)-function,
which omits step by step the old pivot column and old pivot row in the transformed matrix.

Thus we have a fast procedure to count the number of EX-steps to get the rank of a matrix in
dependence on the values of the parameters.

Let us consider the example mentioned above:
In the screenshots you see that we have done three EX-steps.
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The theory of the pivoting-procedure says that the number of possible steps is the rank
of the matrix, considered at the beginning.

The definition of the rank is the number of linear independent vectors in a matrix.

We could do 3 steps in every case and for t not equal 0 we can do formally 4 steps here.
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This means for a linear system of equations with the augmented matrix mat, cp. our example,
that we have only in the case t=0 a solution of the considered system, otherwise the right side
of the system is linear independent of the left side vectors of the considered system.

Let us consider the program-text of the new created rank-function:

1 Frv TrsvTruvT FE FE™ 1 FEv ]’rhTruvT FE FE™
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fEndIf

tReturn matlll

EEhdFunc
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rank (mat,i,k)

Func
© Ludwig Paditz 2006
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Local dimlist,nrow,mcolumn,pcolumn,hrow,mat1,mat11,mat111
rowDim(mat)>nrow

colDim(mat)>mcolumn

Tistrmat (mid(mat»1ist(mat), (i-1)*mcolumn+1,mcolumn)) /
(-mat[i,k])>hrow

(Tistrmat (mid(mat»1ist(mat™), (k-1) *nrow+1,nrow))) ">pcolumn
expand (mat+pcolumn*hrow)>mat1

If k>1 and k<mcolumn Then
augment (subMat (mat1,1,1,nrow, k-
1) ,subMat (mat1,1,k+1,nrow,mcolumn))>mat11

Elself k=1 Then
subMat (mat1,1,k+1,nrow,mcolumn)>mat11

Else
subMat (mat1,1,1,nrow,k-1)>mat11
EndIf

If i>1 and i<nrow Then

(augment ( (subMat (mat11,1,1,i-1,mcolumn-1)) 7,
(subMat (mat11,i+1,1,nrow,mcolumn-1)) 7)) ">mat111
ElseIf i=1 Then

subMat (mat11,i+1,1,nrow,mcolumn-1)>mat111

Else
subMat (mat11,1,1,nrow-1,mcolumn-1)>mat111
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EndIf

Return mat111
EndFunc

As another example, let us consider the three linear equations with the three unknowns x, y
and z and the two parameters s and t, cp.

Paditz, Ludwig: Rechnen und graphische Darstellungen mit komplexen Zahlen,
Anwendungsbeispiele aus Schule und Studium fur den ALGEBRA FX 2.0, 1. Aufl., 2001,
Hrg. v. CASIO Europe GmbH Norderstedt:

J X+2y+t*¥z=3+2] (equation 1)
Ox+1ly+ 2jz =1+]j (equation 2)
s*x+0y+4z = -1 (equation 3)

For which parameters s and t we have a unique solution or infinite many solutions or no
solution? In the case of solution, what is the result in the complex plane? At first we consider
the rank of the augmented matrix of the given linear system in dependence on the parameters
s and t. Two EX-steps are possible in every case and the 3 EX-step only for 4*s+s*t*j
+4%0:

1 i Piw HES FE Fiivw
TE 5'-‘:5.-;;5-5.:?*.5:TEZ ;i:IﬁEt:*:s-s‘TPr‘ngDIﬁi5.:5-4:5& E.E;eT_\
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®pankimat, 1,12
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By the way, the pivot for the 3 EX-step is similar to the determinant of the coefficient matrix
of our considered system.

Now we conclude from the row- and column-reduced matrix after two EX-steps:

rank(A) =rank(A,b) =2, ifandonly if 4*s+s*t*j+4=0,s = -],
i.e. s=-j and t=-4+4j and det(A)=0. We have infinite many solutions.

rank(A) =2 <rank(Ab) =3, ifandonly if 4 *s+s*t*j+4=0,s#-j,i.e.s#jandt#-
4+4j and det(A) = 0. We have no solution.

rank(A) = rank(A,b) =3, ifandonly if 4 *s+s*t*j+4=0,i.e.det(A)=0and s=-jandt
#-4+4jors#-jandt=-4+4j.
Here we have a unique solution.

Thus we get in a quick manner by the help of the new rank-function all information on the
considered complex system. Now we want to state the result by the help of the lineqgsys-
function:
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In the case s=-j and t=-4+4j we get x = -4jc-j, y = -2jc+1+]j, z = ¢, where c is an arbitrary
complex number.

In the case det(A) # 0 we get the unique solution:

X=-(t*]+4 +4%)) [ (4*s+s*t*] +4),
Yy=(((-14))*t+6+6*)*s+4+6*)/(4*s+s*t*]+4),

z=(S+))*j/ (d*s+s*t*+4),

where the voyage200 gives a representation in the arithmetic form: real-part + j*imag-part.

The last screen-shots show that the TI-calculator will simplify the result without an additional
command. Thus we get here a very large expanded representation of the solution and the
smaller form, cp. the written solution above, we will not get from the Tl-calculator.

To simplify results without additional commands is the didactical conception of the TI-
calculators in difference to the CASIO-calculators, e.g. ClassPad300 PLUS.

The didactical conception of the CASIO-calculators is not to simplify. Thus the user has the
possibility to see step by step the transformation of the results, if he uses additional the
simplify-function.

Now we want to state the result by the help of the LinEqSys-function of ClassPad300 PLUS:
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=@ 4 1 4 43 -1 duzts-te g+ -z G+
B izt —E=Fe ] B -2 1+ matnew | s=—3 and t=—d4+43j
|:Ei 1 2-4 -1-3 = 4 1 |:-4.j -3 i|
=@ 4 1 LinEqSwsimatnews 1,12 -Z2-3 1+3
LinEqSys (mats 2y 23 el @ @
done LSEmEl LinEqSws trnatnewy 3,12
rmatrew |:t' d+4 ) done
J t—4-4 -1 7 —2-3 1+3 ratnew
@ -2-3 1+3 4estseteghd —se G+l Lt gt+d+d- )
z 4 1 matnew |s=—j and t=-4+43 dus+zete J+d
LinEqSwsimatnews 1,13 |:_4" -3 ] _((1‘3:"5't"":—E'—Ei'_:.i:l'S‘P
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[t-g+4 v | d.s4s-t- g+
Ala Standard Cplx Rad gm] Ala Standard Cplx Fad gm] Ala Standard Cplx Fad gm]

In the case det(A) = 0 we see the unique solution in the last screen-shot:
X=-(t*]+4 +4%)) [ (4*s+s*t*] +4),
Yy=(((-14))*t+6+6*)*s+4+6*)/(4*s+s*t*]+4),
z=(S+))*j/ (d*s+s*t*+4).

Now we try to compute the unique solution by the help of the inverse matrix:

gttt [ [t2+4 b+ 16]+ 18] 4(4-2+1
Z(1Z+1)+322+16 =2 t2+16)+
®right=sid 2'[5'[t3+4-t,.2+16't‘64]—54] +_E
ot fmat -1 mimbt s ] [52 [t2+16]+32 5+16] [t2+ 16] tz.‘
coeffmat™" 1*rlght51d coeffmat™"1¥right=sid
EAD AUTO FUNE 37 [FUNCRANE EAD FITO FUNE 37

In comparision with the ClassPad300PLUS we get the following result, which we can
transform step by step, if we wish another representation:

| ¥ Edit Aktion Interaktiv 2]l [ % Edit Aktion Interaktiv  (¥| |[ ¥ Edit Aktion Interaktiv D2
Ll [ P w] Y T (e N | Y ] L i B Y
[4 2 ¢ = L [ —{trd—d-3)
a1 2j:|%-c.u:-effmat Eﬂefff;:-tq-{;""ghtﬂd . o pp———
a 4 S = 3. 5- G- e 46—
- i - S tdrs 343 s tds (1+3)- - t4ld-6-J) 546,
42t . Set=dege J-ds g
a1 2-3 (4—6-*’:'_'5 L JLIER =+3j
=64 | E't“"z"“‘" =t 4; | Ttd=3a3
3+2.j ) ) | =-t—d- =054 istas EExpand(an;)
SEI et simplifwdans —=-t _ 4
- - [ —(t+d-4-4) P P P
3t+2-3 Set=deze g—ds 3 Ny -
3 - A = ————————— e
1+3 (1+3)e 5 t+(d=6d)-sHE—e, [ 2. 12404 o442 =
-1 z-t-4-z- -4 3 .
coeffrat™—1=rightsid =+3j st t B 4
“[t=d4-31 4 | = t-d.z.3-4-3 | =2t Z4(destd)? 2.2
s-t—4-z-j-4-3 =-t—4-= [o| | = 0
Algeb Standard Kplx Bog g Algeb Standard Kplx Bog g Algeb Standard Eplx Bog g

Another application of the new created functions is the following real linear problem with two
real parameters. The augmented matrix mat you see in the screenshot:
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:\. L v{— ;s i T :;:E?,.T T TF"r*ngEIT _E;,T_\

0= Z -rank(mat 3.3 [“ ] E 2

= 4 4 5= "= 4 -2t
= 2t -z =t

. lrank[[t z 277z },2,1

" rankimat , 3, 3) [t z 477z s -z 4-2-t
= -5 d4-2-1 ] £ -
[T o2 + ] 1 - 2 r
rankfans<1i>.1.1> rank{ans<1>_1_.1>

[FIRCRARE b GUTT FURE &/ & [FINCRARE RAD AUTH FURE 57 & ]

{—T i “T T“s TF'rngI:IT it ;eL

mpankimat 3, T

rank(ans(l);l;l)

[FUHEaRE SHD B0 FIRC i s |

In the case s =t = 0 we get rank(A) = 1 <rank(A,b) = 2 (1 EX-step).

In the case s = 0 or t # 0 we can do a 2" EX-step and thus get with rank(ans(1),2,1) and
rank(ans(1),1,1) respectively:

rank(A) = 2 for s # 0 and t = $"2/2 and in the other case

rank(A) =2 fort=0and s =0 or t = s"2/2.

Finally we can establish that a 3 EX-step exist in the case s # 0 and t # $72/2 and thus
rank(A) = 3 = rank(A,b).

Now we discuss the open question on the rank(A,b) in the case rank(A) = 2. Again have a
look in the screenshots after 2™ EX-step:

H

v{— ;s 3 ;EE?’T“s |F'r'~ngEIT

= -= 4 -2t £
2 . 2. " rank
[ s st 2% 4t+2]

L T

TRy _ g2 . 522 .
e TR e :

52 2-

z =
A2 2% 2 A%t D542 k= SAE/E g2 /2-2¥s  t-2%t+d =522
[FiFerARE BAE AUTD FURC 174 [FUNCEARE, RAD AUTD FURC 177 1

We have to consider the 2" column in the last matrix.
In the case s # 0, t =s"2/2 we consider s"3/4 —2s + 2.
In the case t = 0 we have to discuss s"2/2-2s/t — 2t + 4.

i T FE i
tit i i TPr‘ngD]:Z:iﬁ-e:s* i
'LJS+1J o 5={5-1 or == 4
- | 52
S t=3
5='[E+1]0r‘5=ﬁ-1ur‘5=2 2
2 52 -
nt=S-|s=2 =2 't=7|5=51 el
& =2 _ 1oz
nt == |s=s5l24 t=AE-3 [t=Fl=s=-5""-1
t= 3A2/2Is—‘5A(1/2) 1 t= 3A2/2Is—‘5A(1/2) 1
FUNCRANE EUMC 4,143 FUNCRANE EUMC 1,43

Thus in case s # 0, t = s"2/2 we get rank(A) = 2 = rank(A,b) for the following pairs of
parameters:
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(s,)=(2,2) or (s,1) = (-\5-1, V5+3) or (s, t) = (V5-1, -\5+3).

Furthermore in case s # 0, t = s"2/2 we get rank(A) =2 < rank(A,b) =3 fors#0, t =s"2/2 and
s"3-8s+8=0.

Now in the case t= 0 (rank(A) = 2) we consider s"2/2-2s/t — 2t + 4.
At first with s = 0 we get

rank(A,b)=2fort=2 and rank(Ab)=3fort=2,

Now with t = s°2/2 = 0 we get in the 2" column of the last matrix:
sN2/2-2slt — 2t + 4 =—(s"3 - 8*s + 8) / (2 s) and have the same situation considered already
above with s"3 — 8*s + 8.

Summary:

The discussion on the rank shows:

A unique solution: only fors=0andt # s"2/2.

Infinite many solutions: only for (s, t) = (0, 2) or (s, t) = (2, 2) or
(s, 1) = (-V5-1, V5+3) or (s, t) = (\5-1, -\5+3).

By the help of the lineqgsys-function we get the following results:

e A e S ) e
t o = -2
= [IFY3 [5 = 4 -4
o= 2 -t]
® linegsysimat . 3, 31 + matnew i
-] st
t. = = -2
) 2-t-4 m linegsysimathew, 1, 11+ mathnew
matnewls=2 and t=2 matnewls=2 and t=2
|EﬁH;ﬁﬂH|§ EAD AUTO FUMC &7 € |EﬁH;ﬁﬂH|§ FAD AUTO FUMC 47 €
T A e i ; Yt Jpeamtaf it ] |
= 2 i
g 17
mmatnew|s=0 and t =2 [EI a
g 1]
1 o)
Lhmatnew | =2 and t =2 [EI o}
. -1 1)
|matnewls=2 and t |matnewls=2 and t=2
EAD AUTO FUMC /5 | EAD AUTO FUMC i/ E

(s,t)=(0,2): x=1z=1,y=c,wherec an arbitrary real number.

(s,t)=(2,2): x=y=c,z=1-c, where can arbitrary real number.

) A TPrgmmT
L
=2 Z

a a Fratrew|==51"2 -1 and t=-51"24+ 3
1 2
—Egl —Ezﬂ o o
lmatnew|5 5172 ar‘ud t=- 51’{2+3 _U—_lj _U—_S:]
| =5 (1/2&3} and t_FEH?W(?i/Z)-'-E | =5 (1/2531“} and t_FEH?U(?i/Z)-'-E

(s,t) = (-V5-1,V5+3): x=c+2,y=c,z=(V5+1)*c/2 + (V5+3)/2, c arbitrary real number.
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(s,t) = (V5-1, -V5+3): x=c+2,y=c, z= (-V5+1)*c/2 + (-\N5+3)/2, ¢ arbitrary real number.

Finally the unique solution you see in the next screenshots:

el e o ramtaf i e el s ¢ [t TP'r*EImIDT Tae] |
" '52 -t 2-
2 2
= "= 2t -4
£ % % Wlinegsus|{z -<

[« 2 =t-q] |
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s i b e e e [Pram o e
e = =
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11neqsys(ans(1) 1 1> 11neqsys(ans(1} 1 1>

[FURCRARE FURE 7% | [FUNIRARE FURE 37
1 R >

vEs’-‘:. HEN 3

lineqsys(ans(i),il i

[FIHCERRE EAL AUTD FURE 179 1

This examples show, how to work with the useful tool, to solve linear systems with
parameters or to get the rank of the matrix or augmented matrix. Thus it is good work in
algebra with voyage200.
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