Prof. Dr. L. Paditz 17.11.2016

inhomogene linare Dgl. mit konst. Koeffizienten

Aufg. El.21a) (AWP)

F"’_4F'=X’E3X

. _H L] __i LR ] — e

Losung mit L-Transformation:

3x

laplace (v'""'—4y'=x-e“*, X, ¥, 5)

—52*3;(0)—5-}?’ (U)—y”(U)+Lp-s3+4* (}’(U)—Lp*s)=;

(s—3) 2

_H L] __i LR ] _E

2
3_27s
Lp+s o5

_4'[Lp.5_27 ]+6-s 12__ 1

25725 25 (g_g)2

solve (ans, Lp)

25 (53—4-5) +(5—-3) 2
27.54-168-53+183-52+522-5-839
25-(53—4-5)'(5—3)2

60+x+cosh(3+x)+60+x+sinh(3+*x)—92+cosh (3+x)—92+sinh (3+x)+22
900

iLF_: 27-5%-168+55+183-52+522.5-839 ]

invlaplace (

s Sy X)

¥

expand (ans)

x-cosh (3-x) A x-sinh(3-x) _23-cosh(3-x) _23-sinh(3-x) _cosh(2

15 15 225 225 + a4

¥




trigToExp (ans)
x+e3'X 23.3°X g2'X o72'X gag

15 = 225 8 8 900

ausfiihrlich mit PBZ:
27.5%-168-53+183-52+522-5-839

expand ( , 5)
25-(53—4-5)*(5—3)2
1 + 1 _ 23 + 839 + 1
8+(s+2) 8+(s—2) 225-(s-3) 900-s 15,(5_3)2
2oy )
S\ 8+ (s+2)
i 1 ]
Lilgoge=y ) I¥]
af__ 23
L9285 0emmy ) 1]
af 839 ]
Lskeoo-s [x]
f:l ][X]
| 5L15-(s—3)2
'E—Z-X
3
EZ'X
8
—23.¢5"%
225
839
900
xe09°X
15




dotP (ans,

T 1

otk ek ek fd

| ]
S’

3x 3x 2+x =2+x
X+ 23-e e e 839
15 226 t 8 T 8 T900

direkter Weg:

1

3:{’ X, V, X=U, F:%’ X=U, };’:_L?_5’ X=U, F”=§|E|

dSolve (v'"'—4yv’'=x+-e

+ + +

{_x-e3'x_23-e3'x g2 X 72X 839}
Y="15 225 ) g 1900

charakt. Gleichung:
solve (A3—-44=0, 1)
{A==2, A=0, A=2}
yv_hom=C1%e ™ 2X+C2xe 0X+(C3xe 2X
Ansatz fir r(x)=x-e°X:

yp_inhom= ( akx+bh ) ke X

Einsetzen:
(1(:(—33 ( Cakx+b) *e5%) —4&( (akx+b) ke SX ) —x-e9X=0

27+a-xe5 X—x+05 X+27.are 3 X+27+bre 3 X—14.(3+a:x-03 X +a-e 3':E|
ans/eSX

—(x-e3X=2T.a'xe3'X-27+a-3'X=27bee 3" X+4. ( 3-a-x-e3'x+a-eE|
simplify (ans)
15-a-x—x+23+a+15+b=0

ans | x=0
ans | x=1

a, b



1,23
{3‘15'b‘ 225}

Define y(x)=Cl*e'2x+02*eﬁx+03*ezx+(a*x+b)*e3x|{a=i%§,h
done
Anpassen AB:
_27
23 _27
CI+C2+CS—ﬁ— 5

——(y(x))— o | x=0

—(50+C1-50-C3+6) __ 6

25 =" 25
dx ( (x ))—25|x—
100-C1+100:C3-13 _12
25 =25
23 _27
CI+CZ+CS 295-95
| =(50-C1-50-C3+6) __ 6
25 =25
100-C1+100-C3-13 _12
25 25 |C1,02,C3

VdK:

yp(x)=C1 (x)*ke 2X4+02 (x) *e VX+03 (x) ke 2X



9—2){ e[]x EZX 0
_29—2)( 0 292)( * 0
1e=2% g ge2X x-0 93X
X_e5-x
8
—xe03°%
4
x-eX
8
[ 10...a00%
f X+e dx
0 8
[I_X,ES-X
fl:l 1 dx
0e.nX
f x-e” 1o
Jg 8
[ 5exe00 X—gd°X
200
—(3.x-03X—g3"X)
36
xeX—eX
8
[e—2x eUX ez)(]:i:ang
(xeoX—pX).p2'X s (5exe00'X—9'X )., g—2"X _ Feyep 3 XX ]
8 200 36
simplifv (ans)

(15-x—23)-e3'xl
225



(15-x=23)-e3°X

yp(x)= 225



Prof. Dr. L. Paditz 17.11.2016

inhomogene linare Dgl. mit konst. Koeffizienten

Aufg. E2.4 (komplett losen, Eliminationsverfahren)

I&u”+yz’+y1+3?z=4x
vy Fve'tyy +ve=0

¥1.¥2

a) Darstellung in Matrixform, wgl. 1.HA:
AkY™ + AXY® + AgXY =r

i s Pt el e P

b} charakteristische Gleichung
Sel (1) vy 4y’ +v,+3v=4%
und (2) v’ +v:'+y; +y.=0

(1)-(2) ergibt
Vi +3v.— (v, +y2)=4x, d.h.
Vi =¥y +2ya=4x

Elimination von y,=—>2 +g 1" +4x (3)
Hieraus v,'=— -;Fl +4 (4)

{(3),(4) in (2) {(oder (1)):



. —_ !!l+ !l+4
v," + ¥ 23’1 +v, +

2
vereinfacht
_Fl"’ 3?1’ __ _
5 +—2 +yv,==2x—2

vy =3y, =2y, =dx+4

char. Gl.
A3-31-2=0

c¢) Gesamtordnung des Systems: N=3

d) Alle Lios. der char. Gl.
solve (A3 -34-2=0, A)

factor ()..3—3)._—2)

;’1.1=_]., )l.2=_]., )1.3=2

e) Fundamentalsystem

FS={e~X, xe™X, 02X}

f) allg. Lios. des hom. Systems

v1_hom=Clxe *+C2xxe *+(3xe X
mit (3)

_ ¥ ¥y X Ax

—FI’!+F1 ,+4X =[]

{A=—1, A=2}

(A+1) 2 (A=2)



| —

2 - - - -
—= 9% {C1xe X +02%xe " X+C3xe 2X ) + di(CIme X4+C2%xe 4+Clp

b
i
o
b2
— [}

(2.03.e3"%—C2.x-C1+C2) e~ % (4.C3-63"¥4+02.x+C1-2-C2) e
2 2

simplify (ans)

—(2.03-03"¥42.02:x42+:C1-3+C2) 0%
2

expand (ans)

3+C2+e™ %

~C3+624"X—C2ex X ~Cloe X425

3+C2
2

yz_h0m=[—C1+ ]-e_X—CZ-X-e_X—C3-92'X

zusammengefasst, wvektoriell:
yl hom] X+[C ] -x, C3 ]-ez'X
¥o_hom -C1 + C2 -C3

£2) eine Partikularlosung des inhom. Systems

dSolve(v,""—3v,"—2v,=4x+4, x, ¥1)

{v,=e2"%.const (1) +x+e X+const (3)+e X+const (2)—2-x+1 }

vi_p=—2+x+1
yam I HIK
L 0-2+4x)
2
Q=2
2

simplify (ans)



2+x—1
va_p=2+x—1

i P
Ye_P
h) allg. Los. des inhom. Systems

[ ] —c1+3‘32]""_x+ Egz]'x'ex —c3] 2X+[22]*X+[ ]

2
1) Losung des AWP mit v, (0)=y,"(0)=1, w2(0)=-1

1
. [C2 _ ~2
e e xee—X4|C ] 23K+[ ]* +l ] =
l—c1+3§2] € "Tloea ~C3 2 |™% 1x=0

3+C2

-Cl+ 5

C1+C3+1
-C3-1

1
. [C2 . [C3 -2 1
I—c1+3§2] € l—cz] X€ Flcg|® g |7 -1

lC3-ez'X+C2-X-e_x+C1-e_x—2-x+1 ]

—CS-ez'X—C2-x-e_x—[Cl— 3'2?2 ]-e_x+2-x—1
ans[1, 1]
C3+e2"X 402 xre " X4+C1 0~ X—2vx+1
d
A =0
e {ans) |x

-C1+C2+2.C3-2



Cl+C3+1=1

—(:1+3'2'f32 —C8-1=—1

—C1+C2+2.C3-2=1 |C1,¢2,(C3

1C1=-1,C2=0,C3=1}

Cl1
- C2 — C3 -2 1
. e X+ Xre 4 ]- 2‘K+[ ]* +l ] C
—c1+3§2]e 2] Tl-c3]® Bl i PR A

[r—

[ez'x—e_x—2-x+1 ]

—e2"X4e X42.x-1
ol P et Y s P
= e X+ e4X4 KX+
[Fal[lle 11" T2 4

1) Losung des RWP mit y,(0)=1, ¥,(1)=0, y(0)=-1
v, (0)=1, wyx(0)=—1 wie in i)

nur 3. Bedingung verandert.

C3-02' %402 xr0 X+C1 -0 X=2-x+1 | x=1
Clre~14C2.e71+0302-1

[C1+C3+1=1
3-C2
2

c1ee~l+c2:0714C3:02-1=0|(1, 2, 3

1-C1+

-C3-1=-1

Cl=—2_ (2=0, c3=—2 }
{ 93—1 93—1

Cl1
- C2 — C3 -2 1
. e X+ Xre 4 ]- 2‘K+[ ]* +l ] C
l—c1+3§2]e 2] Tl-c3]® 2 ¥ o !



92-x+1 _e—x+1
93—1 93—1
_92-x+1 e—x+1
3, ' 3
ev—1 ev-1
e e
3_ 3_ —
[F‘]= e”-1 o X4| € 1 -ezx+[ 2]#x+[1 ], d.h.
Ve e __ e 2 -1
93—1 93—1

oy P Kl P o Y
szl 93—1l1 (e *—e ]!+2 *x+ _q

k) Welcher Sachverhalt liegt vor,
wenn die rechte Seite des Systems r(x)=[f lle_x lautet?

Welcher Ansatz fiir eine Partikularlosung fiihrt dann zum Ziel?
Resonanzfall! (mit m=2, Doppellosung A=-1 in char. GIl.)

Ansatz mit quadratischen Polynomen:

=X

[a-x2+b-x+c
e

d-xz+f «x+g
Bem.: Im Vektoransatz ist es nicht ausreichend Xz-[z]e_x

anzusetzen.

Losung:

=2+x+1

+2-x—1




) vy vy, +3y.=2e X

+yo'+y, +yem—e  ~

[ ¥1 ¥i1a ¥2

o _ _
d—((a-xz+b-x+c)e X)+i((d-xz+f-x+g)e X) 4 (arx2+bex+c)
dx2 dx

4 {(aex24bextc) e~X) +di ((dex2+fextg) e™X) +(arx2+bex+c) e
X

| dx

>

[ (a-x 2—4-a-x+b-x+2 -a—2-b+c] o X4 (a-x 2+b-:~:+c) o X (d-x2—2
- (a-xz —2-a-x+b-x—b+c) o X4 (a-x2+b-x+c) o X— (d-x2 =23+

simplify (ans)

[ (2+a:x24+2edox2=deaex+2obox+2edex+2 o frx+2ea=2o bt 2ocHf+208) -

(2+arx+2edex+b+f )™ %
Yook 24 2odex 2 —Aeae X+ 2o+ 2o dox+ 2okt 2ea—2 b2 cH+2-8=25G 1

2arX2+2edex E—4ea-x+ 2o b x+2odox+ 2 Fox+2oa—2b+ 2 cH+2-g=2
2+a*x+2+d-x+b+f=—13G2
2easx+2+«d+x+b+=—-1
(G1|x=0
Gl |x=1
JGlIx=-1
G2 x=0
G2|x=1
| G2 |x=—1 a,b,c,d,f,g

ans|f=0 and g=0

{a=—%, b=-1,c=
1
3

1
3
(ax2+bextc) e~ X | {a=—%, b=—1, c=%, d=%, £=0, g=n}



1 .
g3+ d=

(dox2+fox+g) e~ | {a=—%, b=—1, c=

Mit L=-Transformation:

IF1”+F2'+F1+3F2=4X
¥ +y2'+yr +ye=0 Vi, ¥z

i} Losung des AWP mit v,(0)=y,"(0)=1, v.(0)=-1

Zerlegung der Gleichung:

laplace (v, +v,=4x, X, ¥;, 8)

—s+v, (0)—=v,"(0) +L1:--52+L1:-=i2
5

ans|Lp=Lpl and %,(0)=1 and ¥,’(0)=1

Lp1-52+Lp1—s—1=i2
5

laplace (y,'+3y,=0, X, ¥z, §)
=v2(0)+Lp+s+3+Lp=0
ans | Lp=Lp2 and v,{0)=-1
Lp2+s+3-Lp2+1=0



Lples2+Lpl-s—1+Lp2es+3-Lp2+1=—Gl1

g2
Lpl-s2+L1:-2-5+Lp1+3-Lp2—s=i2
S
laplace (y,"+y,=0, X, ¥1, §)
-y, (0)+Lp+s+Lp=0
ans |Lp=Lpl and v,(0)=1
Lpl-s+Lpl—-1=0
laplace(yz'+y2=0, X, ¥z, 8)
—y2(0)+Lp+s+Lp=0
ans | Lp=Lp2 and v,{0)=-1
Lp2+s+Lp2+1=0
Lpl+s+Lpl—1+Lp2+s+Lp2+1=03GI2
Lpl-s+Lp2+s+Lpl+Lp2=0
Gl1
iGl2 Lpl, Lp2
59+4 —(s3+44
‘Lp1=52*(52—5—2] , Lp2=s4—(s3—2352 ]

3
L—l[ 5Y 44 ][X]
s 52-(52—5—2)

o2 X_oX_2ux+1

i ]
f:l[ (55+4 ][x]
S| gd-g3-2.52

—e2"X 4o X 420x—1
vi=e2X—p X-2ux+1

z=—ez'x+e_x+2-x—1
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