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1. Introduction to the ClassPad

The ClassPad is a natural, sophisticated form of a graphical calculator. Go with an
impressive collection of applications and self-learning applications like 3D-Graph,
Geometry, eActivity, SpreadSheet and much more.

The device allows adding text, both in English and in Bulgarian, and it appears in
the way it is presented in the textbook. The authorization of texts, graphics, drawing,
computing and other operations can be made quickly and authentically a large LCD
screen. The ClassPad calculator offers several graphical tools necessary for plotting
3D-graphics and geometric objects that create a very favorable environment for
education and training of students by themselves.

Interface of the calculator using pull-down menu format that simplifies even
complex operations at first glance. Multiple sentences, phrases and other topics can be
selected with the touch of a stylus. The ClassPad supports 'drag and drop', ‘copy and
paste' operations, and others who minimize the use of any other key operations.

Applications for presentations and tools for creating materials for lectures and to
solve a wide range of tasks, allowing teachers to present these in a manner
understandable to students and provides a good basis for understanding of
mathematical concepts and problems in the process of solving them. The individual
transaction can be captured and later added to the presentation and put in slideshow
format.

Administration eActivity allows working with expressions, formulas, figures and
other graphics, allowing students to learn and advance themselves using their personal
methods for solving problems, utilizing well known algorithms for solving them. This
is a cross (only) teaching tool that helps to study the various processes and sharing of
mathematical solutions. ClassPad allows a comprehensive understanding of the
problem by helping students to discover and develop their own capabilities.

The calculator can conveniently connect to computer to transfer information as is
possible and implement the transfer of photos. The ClassPad Manager software is
given in CD-ROM, which comes with a calculator and an additional cable. It can be
performed to transfer programs and materials (e-Activities) of your ClassPad to a
computer or by using the ClassPad Manager software to a ClassPad.

ClassPad is not just a graphical calculator, a next-generation calculator, for
scientific research and educational purposes. With ClassPad students can manipulate
complex mathematical expressions by translating them to simple and straightforward
equations, allowing easy understanding of the connections between different
mathematical fields (vector and geometry). Offers a new perspective on mathematics,
bringing it to the other, easy to understand examples.

The ClassPad is different from other well known calculators because it offers:



- Input of informations with a touch of the stylus;
- Provides input / output natural mathematical expressions (e.g. Program Mode);
- Calculation with ClassPad is easily and quickly using fractions, limes,
differentials, integrals, matrices, and many other built-in functions;
- Displaying the result in its natural mathematical form;
- Four new applications included as a supplement to the calculator:
eActivity, Geometry, Presentations and 3D-graphic.

1.1 eActivity application

The eActivity and Presentation application are easy to manipulate, exploitation
/ exploration and sharing of solutions can be found without a large audience. This
helps students to increase awareness and improve their personal opportunities in the
field to mathematics.

The eActivity has four main advantages to using a sheet and a pen:

Use this application to create a favorable environment for personal
development as well as materials for lectures and presentations;

Provides students work on tasks in their own pace and capability;

Allows the detection of different ways to solve problems;

Allows text expressions, shapes and graphics to be displayed on the screen
of the ClassPad 330.

What is eActivity?

This is a new electronic tool that can be freely studied in ClassPad. With this
application can benefit all the useful features built into the ClassPad 330. It is both a
textbook and workbook. Teachers can use it to create electronic examples and
exercises to solve problems using text, mathematical expressions, 2D- and 3D-
graphics, geometric drawings and tables. The eActivity provides students with an
environment for research and development, allowing them to save the results
obtained, combined with observations on their part.

The eActivity application provides text input and mathematical expressions
and Applied ClassPad informations, save the file as 'eActivity'. A standard eActivity
file contains text informations placed in band or line. The order may be in the form of
'Row text', 'Geometric row' or 'Calculation row'. As a band / band takes the form of
so-called. 'Application data strip' (main, geometry, graph, conics sequence, etc.)

Create an eActivity

Press the 'Menu' to visualize the 'Application menu', from which we select the
icon for eActivity. It displays the window of the eActivity, as it was shown last time
when it was used. When choosing a file / new will open a new window, and old
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information will be deleted. There are four types of informations that can be
incorporated into eActivity window: text, calculation expression, geometric object or
process information for display. After eActivity is the way we want to be saved from
the file / save. It is shown a file-dialog box, then select folder and file name
(maximum 20 characters) is pressed to save. Saved files are sorted in an area of
memory which is divided from the memory for other types of information. Therefore
e.g., Managing eActivity file can not be accessed to the Variable Managing or
Managing in a Geometry Application file.

The text row is used to add text and mathematical expressions in the normal
state, as the text can thicken. The calculation row is used to bring computing
operations which are valid in the Main application. The application data strip display
window of any application ClassPad (e.g. Main, Graph and Table, Geometry) and use
the window to create information that can be later incorporated into eActivity,
Geometry link row is made to communicate with geometric shapes. They all add the
menu ‘Insert’.
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The text row inserted text and mathematical expressions, but which is not
feasible in choosing the Execute button. All commands in the Text row are treated as
text. When the text that is entered is too long, the cursor is automatically transferred to
the next line. When entering mathematical expressions, the cursor stays on the same
line, even if the expression is too long. Arrows appear to indicate that there is
information to the left or right of it.

The calculation row allows the execution of any calculations of eActivity
application. When we introduce the mathematical expression, the result is displayed
aligned to the right of the screen. You can always edit the information entered, but
never the result. In case of wrong entered expression result will appear.
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If the required result will not be displayed it should not be pressed Exe button
from the built-in keyboard ClassPad. When you change the input, output is
automatically changed. Even mathematical expressions, which are generally
introduced into eActivity without calculation, are calculated and their results are
displayed.

The application data strip can be used if required to add information from any
other application into the eActivity. This element contains a field in which it may be
heading information and a button that when pressed it takes us to the desired
application. Often the screen is divided to two halves. Active is the half that is
selected. Adding Application data is from the Insert menu and choose Strip. Right of
the screen appears with a drop-down menu choices, which give access to applications
such as ClassPad Graph: 2D, 3D, graphics of differential equations, tables and
geometric objects, and many others.

E.g. to add Geometry data choose Insert — Strip — Geometry. A window
similar to the previous-field in which it may be heading the project or development
and button pressing of which screen is divided into two and visualize geometric object
that is selected from the toolbar

| W File Edit View Draw

In the same way you can add graphics. The main point here is that we need to
prove equations needed for plotting graphs. The drawing may have more than one
graph plotting each be made with different thickness of the line.
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Adding this feature it is the button [#:], you can add up to 100 functions.

You can use the Notes field to add any information. Notes is a text box for
editing and styling comments or add explanations in complex mathematical
expressions in eActivity.

When selecting Insert — Strip — Notes a window opens in the lower half of
the screen. From the toolbar, inserted text may be adjusted in a way that we want.
This application is only active in eActivity.

eActivity allows previewing the image (bitmap image). Adding this feature it
is the button choose it by Insert — Strip — Picture, in which the lower half of
the screen window is opened for adding an image. When choosing File — Open menu
opens the file chooser, but the main thing is, it must be of type PICT.

eActivity is both notebook and textbook, allowing to explore the world of
mathematics. Almost any expression of eActivity may be included in any of the other
applications as well be taken information from external applications and be included
in eActivity.

The addition of Geometry link row is automatically added the information in
the Geometry window by liaising with information eActivity. It can be visualized as
lines and shapes values or mathematical expressions in Geometry link row. Dragging
a line or geometrical figure of Geometry window to Geometry link row turns them
automatically into their equivalent mathematical expression. This expression is related
to the Geometry window, making change and who have been provided valid and
visualization figure at the bottom of the screen. The change of expression in
Geometry link automatically changes shape in Geometry window.
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It is possible to transfer eActivity files to another ClassPad Unit, but it needs
the host file part to support all types of Application data strip (Graph, Graph Editor,
3D Graph, 3D Graph Editor, Conics Graph, Conics Editor, Geometry, SpreadSheet,
Stat Graph , Stat Editor, DiffEqGraph, DiffEqGraph Editor, Financial, Probability,
NumSolve, Sequence Editor, Picture Viewer, Note, Main, Verify). If we transfer
information to another ClassPad, which does not support some of these applications,
the recipient can not open the file.

It is possible also a transfer between ClassPad and a computer. Here it could
be used FA-CP1. It is desirable first to check the version of the FA-CP1, a computer
loaded with the operating system of the ClassPad, to determine whether they are
compatible. Another way to accomplish the transfer, which is much more convenient
is using Exchange window on the ClassPad Manager (appears when you press the
right mouse button). When that opens a dialog ClassPad Manager-Exchange. When
ClassPad is connected to the computer the screen from left to become visible from
computer files and ClassPad. Transfer is carried out in drag and drop the selected file.

The eActivity is also useful in the classroom and at home. Students can easily
change their own mathematical expressions or numerical values and solve problems
they themselves award. Based on the results obtained, it is possible to prepare
presentations. For convenience, use Presentation application and RM-ClassPad.
Features provide a margin presentation of information that appears on the LCD screen
as a picture or in the form of slides. This is a very effective way of presenting the
results of a study group or a major project. The presentation may be more effective if
complemented by RM-ClassPad projection by OHP. It allows you to send to the date
of the calculator screen or wall.
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In the ClassPad it is interesting and it must be addressed the organization of
files. The system is divided into two directories, one that is outside eActivity, Main
and others, and another which is included in eActivity, Main, etc. The two unrelated
directories and files from one can not be read or processed by / in the other. However
calls can be made and this became possible with the help directory library, which
serves as a link between the other two.

1.2 Presentation application

Presentation application allows a picture to other Windows applications,
organizing in the form of its presentation. With the application can realize and correct
the contents when necessary. Presentation, for example, can show how they obtained
the interim and final results step by step. They can be used in the classroom and / or
other performance by connecting with ClassPad OHP-projector. Thus, teachers can
submit their work before a large audience, doing tasks understandable and accessible
to others. Students, on the other was using the application can gracefully make their
tasks, essays and projects.

The application is started from Presentation application icon in the main menu.
Opens the following dialog:

s [fw [ ' e When selecting a field disabled would lead to an
Presentations | automatic change of [Screen copy to] settings of
@ Disabled the presentation and Communication dialogue
oPi: B boxes to the [Outer device];
§§§§ E e Files are numbered from P1 to P20. These
g:= : numbers are fixed and can not be changed;

e When you created a new presentation file can be
his name;

e The name of each file is visible and its size in
pages;

e The soft keyboard appears automatically when
you start the application.

[ et |MATH] SPACE |SMBL EXE




Once the application is launched from file-list is selected the first row (from
P1 to P20). The cursor appears on the line chosen by us, which allows to introduce
eight byte file name. When ready press (EXE). You should make sure that the name
that has just entered is selected. When you select Print screen, automatically adds the
selected image in our presentation. Only when disable is selected process is
terminated. The presentation runs from one of these buttons: [ ].

As for selection opens a dialog that allows to select the desired presentation.
When selecting the first button presentation starts and ends only when all the slides be
listed. When selecting the second button it is controlled by us.
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1.3 Geometry application

Geometry application allows to plot and analyze geometric figures. It can be
plotted triangle and to determine accurately the relationship of the parties in the terms,
such as 3:4:5, and check the size of the angles at each change.

It can be drawn a circle and then right, which is tangential to a particular point
of the circle. This application also includes an option to animate shapes, which allows
you to monitor how they change with each change introduced.

The application is launched when selecting the icon . Draw menu
provides plotting of points, polygons, straight, ellipses, circles and other geometric
shapes.
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Draw menu contains submenus. It can be used to add the environment section,
draw the perpendicular at another set point or other geometric shape, and testing of

geometric theorems.

¥ File Edit Miew Draw

The application provides
an opportunity to draw
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moved or edited.
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When you press the arrow to the right [] appears. Measurement box, where
you can see or change the size selected by us. From the toolbar, choose the shape that

we want to draw.
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As already mentioned, Geometry application allows for plotting functions.
This happens when selecting a Function button on the toolbar in which opens a dialog
box that lets you choose the type of the function (Polar, Parametric, or f(x)) and a
window, which has the desired function.

Trpe

Ww=x™2+2x+l

w1

7w 4]

hal

mth | abc | cat | 20

53 1 3 Y N P S P S
EEIEEEN HEEEE
= | &= | =t i a[5[e][=]=
AENEN AHEEE
L1 [ fe]. e][zn=
TRIG JcALC JoPTH] vAR JERE

When choosing Polar screen appears Soft keyboard, a dialog box appears
radius. In the example below shows the equation r = 6.
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When choosing Parametric prove two functions, giving limits tmin and tmax.
After drawing the figure may be included in the Main or eActivity. The equation
appears as a text graphic that appears below.

It allows to add text while working with Geometry application. This is the
menu Draw — Text in which opens a dialog box for entering text. It enables the
introduction of both text and mathematical expressions.

W File Edit View Draw iH
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Easy and fast to make measurements of angles, and correcting them. In the
example shown below is one of the measured angles in a triangle. For this purpose,
countries are marked by choosing Draw Attachment angle.
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It is interesting to note that both sides of the figure formed not one but four
corners. To assess which of them need only to use drag / drop and put the cursor
where you want to measure.
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You can use the Expression command and commands from the submenu
Measurement to meet a number of calculations using the size of angles, length
countries face area or other measurement values rendered to the figure and results
displayed on the working window of the Geometry application.

Example: Here are the segments AB and CD, as point C belongs rights AB. Find the
sum of the angles ACD and BCD. To visualize the result on the screen.

- plotted are two lines;

- marked and the menu is killed attachment angle, which will automatically lead
to image the size of angle ACD;

- mark up and drag (move) in the other corner;

- mark the two lines again and again chosen attachment angle. Thus displayed
simultaneously and the two corners.
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- On the Draw is choose Expression. In the Measurement window which enters
the formula EXPR = @1 + @2. Thus, the two elements 1) and 2) will be
selected and the result will be recorded is 3).
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Built in the Geometry application

Construct submenu of the Draw menu assisted learning of geometric theorems.
In addition to a menu included bisector, perpendicular, midpoint, section parallel lines
tangent to the curve, as well as rotation, translation, transformation of shapes and
reflex points.

For this purpose, before selecting any operation constructs first it must be
drawn on the main items that will be designed. Only then from the Draw is selected
Construct one of the options you want: Perpendicular Bisector, Perpendicular,
Midpoint, Intersection, Angle bisector, Parallel, Tangent to curve, Reflection,
Translation, Dilation or General transform.

In the construction of the section of two straight, the overall point can not be
moved. The principle of finding a common point between a straight and a circle or
two circles is similar to the section of two straight.

- In Translation (displacement) of the line defined values of a vector led to the
emergence of a new line, which is consistent with the baseline parallel to and
in accordance with the set values of the vector. It is also moving online by
selecting the set vector. For that purpose must be drawn a further vector.
When you open the dialog box is selected.
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- to draw the mirror image of the item, the
option Reflection. For this purpose, the line
is drawn specimen and another to serve as
axis. Then mark the base line and select
Reflection from Draw menu.

This automatically made active Reflection
button in the toolbar. Select the axis of
symmetry and the new line is displayed on

the screen

- Rotation line option is used, Rotate.
Draw up the line and then marking and

choose Rotate.

You must be a point which will be
considered a center of rotation.

A dialog box appears indicating the angle
of rotation. When you are ready press OK.
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General Translation, using matrices or vectors allows, in introducing them to
change shapes. Outcome of change is a new piece that appears on the screen. By
Geometry application can be drawn to each other symmetrical shapes, as it turns to
the abscissa and ordinate are symmetrical.

When the output figure is drawn are selected and all countries. From Draw —
Construction — General Transform dialog box opens, divided in two. To occur so that
the new figure is symmetric about x-axis of the initial figure is introduced in the first
window [1, 0] [0, -1].

If you want can be done in parallel move by one unit in X and Y. For this
purpose, writes [1, 1] in the second window, as shown in the example below.

[] Transform Edi

[Hntatinnfﬁcale Translation

(R i

|8 -1 5]
| e
4 .E“\ /E>E En\ /E>E
1 B, H 4 B H

il B
] E
4 o
om G ]

It is easier to understand how General Translation works if used together with
or eActivity Main application, combined with the Geometry application. This makes it
possible that the following transformations:

- In the Geometry application can choose a point on the figure obtained after
transformation and point from the output figure. Dragging them in the Main
application appears on the screen the words that led to transformation;

- You can choose a triangle, dragging it to Main, turn of the triangle as a matrix

with two rows and three pillars, which depicts three coordinates. Is valid and
reverse operation.
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It should be noted that
this operation is only
possible if the points
that are selected are the
main figure and this
correspondent.

Nothing will appear in
the selection of two
points of the new figure
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Geometry application and animation

The animation contains one or more points / curves like curves can be a line
segment, circle, ellipse or function. The animation is built in the choice of point /
curve and added to the Animation. Can happen in two ways. One is by selecting
Edit — Animate, and the other is selected from the toolbar View — Animation UI

Draw is the first point and the curve at which it will move. Then marked from
the main menu and choose Edit — Animate — Add animation, in which our
chosen point automatically moves the curve. If after selecting Edit — Animate —
Go (once) / Go (repeat) / Go (to and fro) appears to be how to move it. When
choosing Stop animation stops.
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If you are required to change a set of us animation is
elected Edit — Animate — Edit Animation. Appears
next dialog.

It may prove what is the step of movement. These
settings indicate steps that point D will be done in
animation and AB. Sub menu Animations appear all
points that are animated. In our case, point D. if you
select Remove to remove the applied point. 't0' and 't1'
indicate the curve AB. Example, if you change the
settings of t0 from 0 to 0.5 will result in a change to the
starting position and animated section will start its
movement from the middle of the curve AB.

Working with files in the Geometry application

File Search

][] EXY [

anim
Ok Presystm
Ok sheets
Ok Sample

[ Save ] [Carncel]

mth abc,lc,at 20 E

[ et |MATH] SPACE |5ME=|_|E><E|
Dir = rnain ]

When choosing a fillet File — Save to open the
following dialog box.

Select the directory where you want to save, as it
turns out a name that should be a size 8 bytes.
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1.4 3D Dimensional Graph application

This application allows you to draw 3D graphics on the type of z = f (x,y) and

parametric equations. It starts from the icon 3D graphics in which the screen
opens the 3D graph editor and the 3D graph window. Functions that are mapped in 3D
graph editor is displayed in the 3D graph window.

W Edit Zoom Analysis f IZII .
The 3D graph editor has 5 separate pages from

Sheetl TShEEtETSheetSHi Tr sheet] - sheet5.
ozl= 2+.J|2
@22=sin(x)+c,ns(:.l)

otamsini 1 cosls) Each page contains up to 20 functions.

OYst3=cos(tlcosls)
Zst3=sinl=) . .
Nstd: O This means that you can sort the 100 features in a

ostd:=0

3D graphics.

You can select one of the functions and its image
will appear in the graph window.
The figure can be rotated and seen from different

Z2=sin x 1 +Cos0W) E angles.

Fad Real o]

At the bottom status bar is visible. Real indicates that the regime is Real mode (real
number calculation). The other mode which ClassPad lets you select is working with
complex numbers Cplx (Complex number calculation). Rad shows that work in
radians. Other options are Gra and Deg.
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As said you can enter the type of functions z = f (x,y) or entering parametric
equations.

z=1(x,y) parametric equations
¥ Edit Sheet ¥ Edit Sheet
e o [ M P R A Y
Sheetl SheetZiSheetS 4 Irl
2zl wstl: 0
QzZ: O ovstlz 0
gzi: n] Z=tl:0
z4:0 ¥etz: 0
8225 O OWst2: O
O;;E Z=tz: 0
=8 [ ®st3: 0
I | I |
Rad Real o] Rad Real o]

View Window
Mernory O 20 @30

View Window

mth |[abe [cat | 2D EEIE]

mth [abc [cat | 20 |EIEIE]

[x[e]d]of<[>], |¢“|-*|F|2|t +|

[x[e ][>, I*‘IA’IPIEIt *|

log | In =1 = log | In gl =
=2 | & S 6=+ =2 | & Slell=|+
e 2 3[+]- T HAEOE
L 1 E ||an= L 1 « |E|[ans
TRIG |EF|LE|OF'TN VR [EE TRIG | cALC JorTH | YAR JEXE

Fad FReal ] Fad Real i

The example below is a function z = Xy, using different settings in the 3D Graph

View Window.

21-

M D20 @30
e ML = . You can use the 3D
m - M Zmin o= . .
max max  :3 Graph View Window to
grid =23 angle & : 69 1 Py
wrnin :53 arale - 24 configure the minimum
max i s -3, 1415926535 | .
grid - Zg Smr:.lnax -3, 14159265359 I and maximum values
zmin - trin oz -3. 1415926535 [ F .
max 3 max i 3.14159265359 [7f||  TOT X-, Y-, Z—coordlpates,
[ oK ] Cancel] |Defau1t| [ oK ] [Cancel] [Default | and s and t variables

used in the introduction
of parametric equations.



W Edit Zoom Analvsis # I W Edit Zoom Analvsis # I

Sheetl [ Sheet2 [ Sheetd

Czl=p 2,2 Ozl=y 24,2

WrE=ra Wzd=ary

oz3:0 oz3:0

Qzd:-Q Czd: Qg

2z3: 0 oz5: 0

Qz6: 0 OzE: 0

Oz7-0 oz7:0

= ] 1= .

AR AT
A
Vil
‘}%!‘“l“
..=:,L.r._~',u,{llll
--n".-hh!l“
Rad Real  ml Rad Real  aml
xmin/ ymin= -3, xmax/ ymax=3 xmin/ ymin= -1, xmax/ ymax= -1

W Edit Zoom Analysis I W Edit Zoom Analvsis # I
AE B e Y EN R

Sheetl | Sheet2 | Sheet3 [[4]

Fad Feal ] Fad Feal

xgrid/ ygrid= 10 Initial default

Using Trace to read 3D graphics

Pressing the screen as an exchange through which control the way that
the mouse / cursor does appear as coordinates of each selected point.
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¥ Edit Zoom Analysis # :I

~ _Edit Zoom Analysis + G|

Sheetl [ SheetZ | Sheetd
ozl= » 2 +u 2

W=y

Le-cH
Ozd:
Dz5:
Dz
Lo

P 1=

pOoOoOooo

| AR
R
s
[T

fiblistsss;

Zo=—H.@31Z5 N i
xc=Q .

z3=x "2 2— 28 E
Fad Real ]

The calculation of the values of the z-coordinate in input values x and y is done by

the main menu select Analysis — z-Cal.

Than that opens following dialog:

¥ _Edit_Zoom Analysis +_ B4

N _Edit_Zoom Analysiz +_ B4

W—walue:

mth | abc | cat | 20

[n[efe[ofc]>], | |x|y]=|z]|+]

RN HEEEE
= | &= | =t i a[5[e][=]=
I ENEN BHEEE
L1 [ fe]. e][zn=

TRIG JcALC JoPTH] vAR JERE
Fad FReal am

zo=g z—Cal
we=2 c=2
Fad Feal ]
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Z. Differential equations and ClassPad

Z.1 Ordinary differential equations

An equation such as
I:||'I

(1> F x:}'::."s:-'”:...:d—nliyil =@, w=wixl,
x

where = iz the independent wariable, w=wix) is an
drnknowan function.

M

and way's ™ ;I—nli:.':l are its derivatives, is called
x

differential equation of n-order.

Each function w=yix) {in a tvype such as Fix,wr=a
and in parametrical type x==xOt), w=witrl, that
convert the equation ¢1» into a identity 1= called
particular solution Cparticular integral? of this
equation.

Example 1: Find the particular solution of the

differential equation Z-w-w"= I::.":I2 which solution
contents the initial conditions  wola=1. w01 2=2.

Solution: The general integral of this egquation is
W=y e CxHCal 2,
Then we hawe wi(li=Cys (1400 <=1,

W1 ISR (140 €22,
From these two equations we get Ci=1. Ca=H.

The particular =olution of this differential egquation

= y=xz.
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ClassPad:
dSDlue[E-y-y”= EH’TE:I:H]

{x-cnnsti13+Jﬁ 1 dy—cnnst(2)=ﬂ}

o |
w3B: (condition »i1a=1380 || =w

O
x-cnn;t(1)+Jﬁ
O

L dy —constl 2 )1=Aa
W

x=constl 1 4+2- 'y —conzt(2)=8
solvedansy ¥

{ _Ex-canst(l]—canzt(?)]z:}
= 4

Define swixi=tys [ xtCa ]2
done

d< d 2
E-yix}-dxziyixbj— [E;Eyixbj]

4-C12-(1+C232=4-Ciz'ix+ﬂajz

judgedansa
TRELE
Wil =1
()22 |2
A Wil =2|x=1
210 Ca
LC1=1,Ca=8]
Wit | LCy=1,Ca=81
IE

The wanted particular solution i= :.l=::2.
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Example Z: Check if the function w=sintx) iz a
particular solution of »"+u=H,

Solution: Y=cosi{x)y y"=—szinix) therefore
W =—ginlx 2 +Eint =6,

ClassPad:
Defime wixi=sinix)
dane
dE
——E{yﬂx}j+yix}=ﬁ
dx
H=H

The function Y=¢EixX.CiiCareaaroq? CONtains n
independent integration constants CisCase s asops IS
called general solution ‘general integral» of
the equation of n—order.

Z.2 Differential equations of first order

The differential egquation of first order hazs the
form

2y Fixyy,w'a=08,

The egquation (23. solwed by vy has the form
WV=Ff{rayi. The graphics of each particular solution
Lparticular integral} i= called integrated curwve.

It is supposed that the function fix,w? iz defined
and continuous in some area [ of the plane Oxw.
_EE._



Mormally for a given point in that area [ one
integrated curwe passes exactly. IF this i=s not
vwalidy e.9. there are two or more intearated
curves passing through some given point in that
areay, thus thi= point is called singular point of
thi= differential equation.

A =solution Cintegral) of the egquation C2) s called
singular if through ewvery point from its garaphic at
lea=t two integrated curwes pass. The singular
solution can be obtained from the general one it we
hawve gvwen =ome walues (more thanm one? of the
constants.

Z.3 Differential equations with separated
variables
An egquation which can be written in that form

3y fulxdapyivdds + falxdegalywidye=QA,

iz called differential equation with separated
variables. If we divide the both sides of equation
3 by fatxd-geyCwd we hawve an equation with
separated wariables.

fi6 Faivdy |
Pty 0% F gy dy=8 (faledel, dalyiea)

4>

The general solution of (42 therefore to egquation

L3y is

O O
ey | PR

O O

_E_Iu'_

3 dw = C



It'=s neces=ary to check it the solution ¢33 contains
a particular solution, for which we know fi0x2 = @
ar i) = By because i we divide by fitxml-gyiyw)
they can be skipped.

Z.4 Homogeneous differential equations
An egquation that can be written in a way
(6> Pix,w)dxr + Qix,widy = H,

where Pixyw) 1 QCxyyv2 are hormmogeneods functions
of the =same degree, is called homogeneous
differential equation.

Definition: The function fix.v? is called
homogeneous of degree m if

FlAz.Ayd = AMece,ud, A28

The homogeneous equation 62 can be solwved by
u=ing the substitution YoxI=toxl=x OF XOIStoy ey,
and then it i= transformed to an equation with
separated wariables.

Example 3: Find the =solution of the eguation

e < +2xidx+rpdy = A

Solution: The functions Plx.ya= :n:2+2:|::.' M Qe yi=
xy are horogeneous of degree Z. We make the
substitution Yix> =tixr-x, dy=xdt+td=z, and then we
hawve

_EE_



(x€+2vStide + tre(xdt+tdxd = 8
ar

¥+l Cdx + txdt = @,

where is equation with separated wariables.

Divide the both sides of the egquation by :|:3':t+13l2
and then we hawve

-:|:|:+ t-:lt2=El . Idxﬂ" t-:|t2=|: a

L Ct+ln X Ct+10

Il +f L Gp = 0 o& Inx(+ln|t+l [+—— = C
Ct+13 s t+1

Substitute t=§ and finally we hawve

x

ra oy N
In| =+ + — =0C ar |x+yv|-€ = Ly or
| =+ | oy | =+ | 1

x
Cxnleg =T = 3

ClassPad:
DelYar
done

dSDl'-.-'E'[':IE'l'EI'}':‘+I'}"}"=E!I!':r']
-1
{b’ elxlewet) =M}
x

_.|.1
||
) [—1 +1]_1
simplify x-[;+1]-£ £ =

-1
() Lyl 0 o



Z.5 Linear differential equations

A differential equation of first order i= called
linear if it contains the wanted function ¥ and it=
first derivative ' in a linear way. It has the form
CF) = Poxdaw+QixD,

With G dx2=d equation <72 has the form

(8B = FPixiey

and iz called linear homogeneous differential
equation.

It i= an eguation with szeparated wariables and has

the general solution :.'=I:-EIF":I:":|:':

ClassPad:
dSolweiy's Poxleyyxy gl

{‘fpijdx +1nl |+ J-consti 1 j:a}

O
solve —\J'\F'I:x Iz 410l |4 1-Ce=0,
O
{ \J\F'I::-::Iclx +Zy IPEdex +C1}
ME—E y W =E
O
IPEx Jdx

:.'=I3-|E;D

_EE_



The equation .72 with QCxi=2A = called linear
nonhomogeneous. Its integration can be checked
throughout the next methods

1> Variation of constants
we are lookimg for a solution of the eguation 73 in
a form

{9 u=Cixyegd Fhxad

which is a result of (22 if the constant C is

replaced by the functiom Cix». v is replaced from
the <92 in the ¢7¥) and we hawve for the unknown
function Cox? an equation with separated wariables

W=y el PRI oy g AP ARG Py
=P e Gl

Cixi= Qixdeg S L LEIDE

which has the general solution

18 Cixi=facyiea JELEIAX g 4oy

We have in {182 a solution of Cix?. When we place
it im 92 we find the general solution of .72,

ClassPad:
dSolwe Cyw'=PCx et Qixlyxyd

{_IEI_PEIde - 03¢ i o E_I_chjdx e ‘I—PEdex

_31_
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has a general =olution:

O O
N f—F‘ixj-:l:-: —f—F‘Exjdx
—\J\ED - )dx g O -
O

O
—j—F‘Ex}dx
e [ - constl 1 )+w=A
O O O
0 \I\—PEdex —f—F‘E:-:)dx - _Fll:xp
snluei—fﬁn cox)dx g O - ¢ O
O

{F[J«Ef-pcx:udx ot +C]_E-f—ch3dx }

Z) Substitution
A =substitution i= made wirr=uixr=wix? and the
equation ¢V has the form

y’=$-w+g—;-|_|=F"i:-:3l-u-m-'+i3'i:n:},

(11> 'u'-[E—Pﬂxb-u]+[d—w-u—ﬁi13]=ﬁ
dx '

We choose the functiom uix? In a way that the
content of the left side of the equation (113 will
be equal to B. For that purpose we integrate the
equation with separated wariables.
S—E—F"i:n:}-uﬂa,
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We choose one of it= particular solutions u=UyCxi,
that i= places to u in the left part of equation
t1l». We have then an equation with separated
variables for wixl:

iy _
" gt x =l xi=H

It= general =olution = w=wi{x.C». According to the
substitution the general solution of the eguation
L7 will be:

L LN N PR R L o

ClassPad:
dSolwe Cyts gt )=l I=El,y 2y )

{— fflixx:lj dx +y—constl 1 :I=El}

0
snluei—f Gl ) dx +w—C=Eywh
- gl

{”= ff,:‘f:, dx *'3}

2.6 Linear homogeneous differential equations
with constant coefficients

Equation that has the form
€12 v M ap Nl et y=a
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where  piyPas.aPr are constants. nEM. is called
linear homogeneous differential equation with
constant coefficients. [t= particular =oluation can
be found with the help of the roots of the
characteristic equation.

13> rr4pierT 4, L tpoes FHRL=E

Ewvery real root r=a with multiplicity m of the
equation ©12>» i= in line with m particular solutions:
w=e I, wamwe N, L, =M led

Ewvery pair of complex roots r=ctf-4+ with
multiplicity m of the equation 132 i= in line with m
pairs of particular solutions:

E-EII E-EII

COS 0 SN

xﬁaxcnsi.@x}, xﬁaxsini.@x},

xm_lﬁaxcnsiﬂx}, xm_lﬁaxsin'ﬁﬁx}.
The general soldtion of (122 has the form

Ww=Cyvi+Hlaat. o o YoM

wWhere Y. Yas...s¥q are linear independent particular
solutions of the equation C12) and Ciy Cas waas CR
are integration constants.

In that case we =savy that the functions v1: Yas
cens ¥q Form a fundamental system of basic
solutions.
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Definition: The functions Wixlyvalixly e aqhlrl
are linear dependent it there = constants
Aqrdgs e e w s dq Which are not all equal to zero with

Ayl atdavaix i+, L A RYR LT I=E,

with other words there i a nonzero linear combina-—
tion of functions “Y42Yas e a3¥q 29qual to zero.

And wice wersas, the functions wiixr.yalix e oa¥qlxd
are linear independent if there isn't their
nonzero linear combination equal to zero.

Remark:

The necessary and sufficient condition the functions
YILE N YAl E  ywnwa YLt to be linear independent is
the Wyronskian determinant

Wixa=
[y Val ees YELE
PR Ll e I L

det * ; n #0
_'_-.-'1':'-'_1:"1:-:3' '_'.-'EI:I-I_]':":.'-I'.':' . '_'.-'nl:n_l:l':.'-l::'_

2.7 Linear homogeneous differential equations
with nonconstant coefficients
An equation that has the form

14y wi P apceran Tl e CE e pn T e =0
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where pilxlspalEla s caprbtxr are functions of x,
continuous in some interval (a,blynEN, = called
linear homogeneous differential equation with
nonconstant coefficients.

If wixdavalxlysear¥ntx? i= a fundamental svstem
of basic =olutions of the equation <142, itz general
solution has the form:

RS E o BTN e S J IS RN Y

where CisCaneeslq are arbitrary constants.

1> if a particular =solution wtx? of the equation
14> i=s knowns its order can be reduced by 1
Lkeeping the linear condition? using substitution:

w=ry e fuCxadr

ZY in a particular case when egquation (14> has the
form

152>
'ia-:|:+l:-}'-'-:.":'-':'+|:-1- ¢asx+hy 0L -:.":'-':'+. .
tPr-1s Casxtb - witpn - =48

where asbspispPaspr are constants:. nEM,

the homogeneous differential equation is called
Euler equation.

If a-x+b>A the =solutions of C152 can be searched
im the form

_35_



w=Cgex+bha ™,

If we substitute

w={ g x+b2*,

W=pege (a-x+bi ML,

LT YIS = PRI Y

NRUEETPSTES SR JTES B S PET P SRPS-S T iy

im the eguation 15>y we can find the
characteristic equation to define the exponent
[T

C16Y petu—=10e. . oo Cn+l-rd-a™+...

2

S L B e LR Ly Sl

If n=4A. i a real root with multiplicity m of this
characteristic eguations. A is in line with m
independent particular soldtions:

carxtbha
Casw+b v Inca-x+b,
Carw+bd F1AcE-x+ba <,

Carxt+bd P 1ncas x+by M1
If -3+ iz a complex pair of roots with multipli-
city m of the characteristic equations o8-+ i In

lime with m linear independent particular solutions:

_3?_



flavx+b) S ecos(Belnda-x+bl 0,
Carz+bd®egine 3 lncasx+bi 2 3,
{'ia-x+l:-3":’£-i:n:-5li.'3-ln'ia-x+l:-3':'-1n'ia-x+l:-3',

Carz+bd® e gind2-lntasx+bi 3« 1lnda-x+b) 3,

figex+bd®ecosii-1ncas x+bi 3= clncasx+bay ML,

Carx+bd ® e ine G 1ACa- x+b) 3« C1ncasx+boa M1y,

Z.8 Linear nonhomogeneous differential
equations with constant coefficients

An equation that has the form

CLTY 2 M appep T e e = a0

wWhere PiaPas.««aPr are constants,. nEM, s called
linear nonhomogeneous differential equation

with constant coefficients. The general solution
of 172 has the form

WY O )

where Yoxi=Cy-wy+Caevat+. . o +CH v i the general
solution of the homogeneous equation and Rix) = &
particular =olution of the nonhomogensous equation
L1V,

nix) can be searched using two methods:
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1> The method of nondefined coefficients for
equations with a special right part.
The right part can be appear in the form

Fiar=e® X ipge M aby-x™ o | 4bgd e cosi@ex)

+edge My e o | wdade sind Gex )0

where o3 are constants.,. Rix? must be found in
the form with m=maximy.ma?

:-7':::3'=E':E'x-:-:k'i'iE:u-xm+E:1-:n:m_1+. e e tBpa e cos G x]

T TR LIS L L P e o TR b

where BopaBisee e sBmy DPoalis e oo s Dy are nondefined
coefficients which =hould be founds, k is the
rmultiplicity of an eventual pair of complex roots
wrfRe4 Cor one real root) of the characteristic
equation

€18 pM4ps-n™la, | L 4pnoe ptpn=n

CIf -4 are not complex rootss or oy when S=H,
iz not a real root of equation 183, then k=8,
and the m exponent s equal to the highest
exponent among my and ma.

2> Lagrange method (variation of the arbitrarsy
constantso

Thiz method i= used for equations with no =pecial
Fight part.

We must find x> in the form

L I S RN B BT RN T e e L S J DO i NP e
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where “Yavas ...y is a fundamental swstemn of
solution=., and the functions Cilxd.Calxly e Cpixd
are defimed by the following swstem:

Cy'CxaayyCxa+CaCxdeyalxd+, . O Dyt d =H

IR RN P e e L o Il e RN T LY e T N ISl e e RN P i B 5

Lyt dany ST Ed o Dot g “TE oy
O s ST =g

LLE S T ETTR LN T ST S LTS o B
N T I ) L T e

Thi=s swstem

Yy \a cee ¥R Cy B
iy wa cee A7 Ca 5|

},ilin—lil },E'in—lil },n'in—lil_ ! F

hazs the =olution

- - r 1-1 -~ -

! | ¥'a e &
Ca' | | ¥ »a’ Y A
| TR _},ilin—lil },E'in—lil },n'in—lil_ I

_4E_



=P

M Cx =gy
) Ca'Cxi=gaixn

| LR =am el | p ey D™ Ty o e s O

ar

Oy Cr =gy O d+HFy
) Ca'Cxi=Jgalxirdx+Aa

| Crftxr=lgn e ddetAn | ooy Cacxi, . L s CnExd

where HAisHas ... sAq are arbitrary constants.

If the right part of equation ¢17» i formed by the
zum of a few other functions

fixa=tyixa+falxi+,. . . +fRixD

and nitxds iEliZseewrky are some particular
solution=s of the eguations

:.":r':'+|:-1-:.":r'_1:'+

i=1!2!lll!k!

A =R o = RN e

than the =um
LISl d+,. L FnRLxED
i= a particular solutiom of equation 17>,
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2.9 Linear nonhomogeneous differential
equations with nonconstant coefficients

An egquation that has the form

C19>

Uk th=1ag

=L R RN =L S R ENLE =P RN, e
where pilxlapalxls .. s PrEtx? are functions of x,
continuous in the giwven interwval Ca.b)s nEM, i=s
called linear nonhomogeneous differential
equation with nonconstant coefficients.

The general solution of equation 1932 has the form
YR I+

where ¥(x) s the general =olution of the
hormogeneous equation and Glx) = a particular
solution of the nonhomogensous equation.

There i=n*t a general method for solwing equations
such as (192,

1> If there i= given in advance the general solution
Yixa=Cyewy+Ca=vat. o o+ v

of the homogeneous equations in order to find any
particular solution Six? of equations in 192 can be
u=ed the Lagrange method of wvariation the
constants

2y In a special case when the equation ©19» has
the form:
_.-_1_2_



20 CgextbrMen Mg cgexrpa i tnmlag
+Pr-1t 'ia-:c+l:-3l-5."+|:-.-.-:.l=f'i:|:3l

fixl22B where asbsPiseecapr are constants: nEM,
(2872 iz called nonhormogeneous differential equation
— Euler equation. U=sing the substitution Cwhen
a-x+bh>al

t_
£ b, tixir=1lnla-x+b]

a-x+b=£tix}, i

et-h

yix}=y[ ]=€ﬂt},

e = B S« B
5ﬂﬂxh—dtiﬁj dxit) aré dt(ﬁ):

wmeeo=t s et ey | =2 s et iy | e
2

I S« I S L.« iy PEC -
a-€ dt(;j a~€ “+a-g dtzigj ar €

R v I N
=3" £ '[dtzf'::.':l dt':':j]!

2 b
_d|_ 2 -2t 9. _d
'-"'”":x:'_clx[a € [dtziﬁj dtlig:l ]

Tdt

d| .2 -2t [ 45 _d u.JL
[a - € -[thfQJ dtigj] dxttj

P d<
Ty L I = .4
=3 [dtgtij 3 dtzlif::HE dtli-:il],...
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equation (2@» can be transformed into a
nonhomogeneous differential equation with constant
coefficients of the type <172 but with the
independent wariable t:

I:||-I_:|.

-
APy

o TS e 4Pt SE) 4P S

Z.18 Systems of ordinary differential
equations

The =swstem of k differential equationss giving the
connection between the independent wariable t and k
functions Xiltlrexaltdy e aaxgitry and the derivatives
aof a higher range of these functions

w1 P o, wa PR e, e SRR G,
it has the form

21>

I:I_I:'.l:lj':I ':t:'=f1':tg.'-liig.'-lii!g [ 5.'-'11I:Fl1_1:l n
X2y Xa's oo aKha oo sxp PRI

xE':F'E:' ':‘I::'=fali1:,:-:1,x1’, I 5.'-|::|_I:Fl1_1:l ]

IE!IE!!lllxk!lll!xkl::pk_l:l:l

xk':':'k:' R T L ,:n:i':':'i_” .

xﬂgxﬂ’g---xl-:,---,xl-:l:pk_l:l:'
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The swstem is called canonical and has the order
n=pi+pa+...+pPk. If p1=pa=...=pk=1 the =swstem i= of
k-th order and haz the normal form:

P LA A R A T,

(P | ra'=faltaXin e e s TRl

-.',r_'l..::fl..:':tgxi!-ll!xl"::l i g ww w1 Xk

A differential equation of k—order

233 2 K =it aaxty L etk

can be transformed into the system (223, And wice
wersay the system (212 or (222 in most cases can
be transformed into a differential equation CZ32.
Ssolwing this equation we can find the solution of
the first given system. The easiest way to do so is
by usingthe method of the consecutive
exception of the variables. In s=ome cases the
svstem (212 or 222 can be obtaimed by more than
one equation with one unknown function In each.

Let be *is>aneweaXhn Tiltd=xritr. MNow

oyt Ctr=waltr=xt L,
xa'Ctr=xg =MoL,

g (=gt =x SK T e,
TR L= ta i Xas e n a s TR

i= the =swstem (22).
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Z2.11 Linear homogeneous systems of n—th
order with nonconstant coefficients and in a
normal form

A sv=tem that has the form

-

AR TR R =T L o R o b R =TI i o R

LY ra'=gayttiexytagattrra+. . F3aR Lt XA

rr'=apitt )y tamatt e ¥t L AR LEd T

aF written in a matriz way
H'UWtr=ACtr-Hith

wherea
[ a146t) a1aft) ... aiAtEY |

Aeti= A1 tt) aFgatt) ... agnLtl

_Enj_':t:' EnE':t:' I -Enn':t:'_
EN+N BTN

1
scea=| 2 e O

_In':t:'_ _.'-I:n":t:'_

and ajjy i—lsZaeeeany 3=la2aeeaan functions of ta
continuous in some interval (a.b)y NEM. = called
differential equation of n—th order with nonconstant
coefficients and in a normal form Cthe equations
are solved concerning the derivatives)
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If the determinant of the matrix

il Tig =s s Xinm
in IE [ IEn

il EpEd s s XZpEm

Jives n arbitrary particdular solutions

ETs+N

€253 Mpoto=| BRVE oy, L,

| XAk ED

of the =ystem (242, iz different from zero (these
particular solutions are linear independentys Mett?
form the fundamental svwstemn of =olutions.
The general solution of the svwstemnm (242 s

-

w1=Cy=xy3+Ca=®ypt. o o o= X1

(263 4 ¥E=C1-wartlaamat. . +lne aan

=1 xpa+la xpat. o oA 20

-
or H'it}=kE1EI:k-Hk'it3':l

where Ci1aCas .o Cq are arbitrary constants.
The integration of the =vstem (242 normally is
made by using the method of the consecutive
exception of the unknown functions.

_4?_



2.12 Linear homogeneous systems of n—th
order with constant coefficients and Iin a
normal form

Swstem has the form

-

xi'=333 xy+tajaewat. . o FAIA XA

1= ] =+ ] +...+ ]
27y 4 Lp'=apy1- XiTagg~ L Jgn "t En

rr'=apie ¥itanas xate s s FaAAT XA

aF written in a matriz way
MU tr=A-Hit

where

aii aiE " EE aj_n
aEi aEE ] aEn
A

Sl dmg s Anm

EXSYN
Moy 2
_xnﬂt}_
and ajjy imlaZe sy J=1laZaeeaans are constants.

nEM, is called linear homogeneous system of
n—th order with constant coefficients and in
a normal form.
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If ¢25) i= a fundamental sw=tem of =olutions of
the =w=tem (272 then the general =olution of this
svstem has the form <262, To find this =olution
firstly it has to be =solve the characteristic
equation.

{28
-E|:|_:|_—I" aiE " mn -El:|_|-.
det¢A-r-Ey=det| 78 F2@7" ... S0 g
| Armd = ot IR o ol

where E iz the unit matrizx of n—order.

To each root of this eguation concerning its
rmultiplicity it should be found the particular
solution=s of this system:

1> If rpg i= a =single real root then it i in line with
anly one particular solution

(290
:I:1=I:Ii1':r'u.'3'-fir-u't,

JI:E:FIiE':I"u:'-IE:Fu'tg

x=AinCrgr-efit

where Aijs E{lseeaantsi=lseeasrs is the cofactor

¢rninor multiplied by the sian ¢—13713 of the
element in a fixed row i and column 7 of the
determinant 232,
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2> If rp i= a complex real root of (282, than an-—
other root of characteristic equation i=s the conju-—
gqate complex number fp of rp. INnstead of hawving
complex solutions iy Xasea s Xq aNd TisXar e w1 X
by 292, we take the real particular =solutions.

RetxirsRBetxadsawasBetrm e lmixi s Imixala e w w s IMIC A D

Remark: We use the Euler's formula.

22 If rg iz a root of (282 with multiplicy mz2. 0t i=
im lime with m particular solutions.

: 4m—1 i
x1=Aigcrpr-€'0° Y, L, Iim=ﬁ[|:|ii'f:r t] | F=rns
dr
: g1 )
xpi=Aiacrpr-€'0° T, .., IEm=—m_1[HiE'Er t] | F=rps
dr
m—1
-'-'in:l.=|:|in':|"u:"f5ru.t! " aad Inm=d—_1[:|:|in'f5r.t:] | F=rp.
dr™

Z.13 Linear nonhomogeneous systems of n—th
order and in a normal form

A =vwstemnm that has the form
(38>

ri'=a ey tagattr e wat. . AR LE AT E R
) ra'=gayCtiewytapaltirera+,. . . tagn )2 +Hfalta

i In’=an1':t:' = I;I_"'-anﬂ':t:' s xat. .. +ann':t:' = In"'fn':t:'



ar written in a matrix way
HUWtI=ACEy MOt +F LD

where

[ a146t) a1aft) ... aiAtEY |

Aeti= A1 tt) aFgatt) ... agnLtl

_Eniith EnEitj I annﬂth_

EN+N N+
sceo=| 2 oo TR
_Init}_ _fnﬂth_
and ajjy iEleZacesny 3=1aZa s are functions of

t, continuous in some interval Ca.brs nEM, is
called linear nonhomogeneous system of n—th
order with nonconstant coefficients and in a
normal form.

The general solution of the swstem (382 has the
form:

n
Hiti=Hpitr+Hi(t)e where Hu'it3'=kEII:Ek-Hk'it3l:l =

the general =solution of the homogeneous =svstem
c24) of (3B), and Hitt) 1= any particular solution
of the =ystem (28». U=ing the Lagrange method,
Hitt?) should be found in the way

-
Hi'it}=kEIEEk'it}-Hk'it}:l .
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where the functions Critls k=1laZa..asnn are
defined correctly by dsing arbitrary functions fulfill
the =w=sten.

-
kEl(u:m-:t:--a-:k-:t:-:|=F-:t:-.

The swstemn has the form

ri'=ay1rxitajprat. . s Faiq L0
) ra'=gayr x¥y+apps ¥a+. . . Fagqc el

i xn’=an1' Xi+arpp-xat+. .. +amne .'-l'.'n'l‘fn':t:'

ar written in a matrixz way
MU tI=H-MXotr+F Ot

where

aii aiE ] ain
g1 93 = dEn
H_

S3rl d3rmg s Alm

ENSTN [ Fylth ]
o= 2|, Fope TN
_In':t:'_ _fn':t:'_
and ajjs IFlsZaeesny 1=1sZ29 e wals are constants,

nEM, is called linear nonhomogeneous system
of differential equation with constant
coefficients and in a normal form.
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If the functions filtdsfaltie .. frpit? hawve the
farm

313 e techg-tMab-tM e | 4pyd-cosif-ta+

+idgetM2+dy-t™e L4, L dpaieSine Bt T,

where o and 8 are constants. then the particular
solution Xitt?» can be found using the methods of
nondefined constants as we find in a way common
to 212 and we should note the existance and
nonexistance of an ewental pair of complex roots
wrfE-4 Cor one real root & when B=B) from
rmultiplicity k of the characteristic equation.

If m=maximisma? is equal to the higher expornent my
or mg and A=xtf-4 i= a3 root of the multiplicity k of
the characteristic equation, then the particular
equation Hitt?) should be found in the form

Hiltr=

" - — b

Eiu-tm + Eu-tm_l +...+ Bim

= Bag-t™ + Eai-tm_l +...+ Bany -tk

| Broet™ + Braet™ 1 4L+ Brm

"

If A i= mot a root of the characteristic equation,
then k=H.
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3. S5olving problems using ClassPad

3.1 Find the differential equations

J.1.1

(1) w=3-x

In the equation abowve we hawve one wariable ¥ we
have one integrated constant.We look for first

derivative of wixl
(2> vwixi=g

L2axC1l '_-.-"—%"_-.-:El i= the wanted differential

equation

ClassPad:

n:ISn:-l'u'e'i:."—i =y Ty

Pw=lx|-const{12}
> w=C-x, CER.

F.1.2

(3 pixdiza-x<

In the equation abowve we hawve one wariable ¥ we
have one integrated constant.We look for first
derivative of wixd

Cd) wiri=Fegex
CR T y’—%-}:@ i= the wanted differential

edquation
_5.-_1__



ClassPad:

Define yixh=a-xz

done
d
dxiyﬂxbj

2oy
Check up:

IjEIII].'-.-'E":'_-.-"—% s=Hyxy

{y=x2-cnn5tE1)}
3 w=C.x<, CER.

F.1.3

(o) x2+y2=52,5=yﬂxh
In the equation abowe we hawe one wariable F we
hawve one integrated constant.We look for first

derivative of wixl

iL[IE+yE=aE] F 2x+2yuat=[
dx
x

x
(6 wixd=—Z & yZop
hE 4 ¥ i

ClassPad:
Delvar s
dane

x2+Eyﬂxh)2=52%Equaﬁan

() )< 4x =g’
d .
deEquannn)

2+ D)) - w420 =0
_55_



solvelZezey x +2 s x=E, =2

{F yﬁ)

—x
#. |-_'|!=_
!

Check up:

dS-:-luei:."+§=lEl,:-:,y}

{5,-=—\.|r—x2+2- const(1]) E-'=~.Ir—x2+2' const(1) }
= -_.,.2=—;.:2+|: ¥ ;.:2+5..|2=I:, C=@.

J.1.4
x

(7> wixdi=gz.¢ 3
Imn the equation abowe we hawve one wariablexwe
hawe one integrated constant.We look for first
derivative of wix2
x x
1 — ] = li E] 1 — =
CBY v'xri= asg -:Ix[a F Wixi=g
1
5.' v
S = > W xi=¢ *  |logarithm %
-__l_|!
> 1ni5ﬂ3=x-zr F e ]lpiy? =yt

ClassPad:

Ij — n a
= WL x =g g

i'i:-'lixilkﬂa_l "
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1.,

scul'u'e'iz=fta_ n 30

=L =L. 1
* 8 1l s ) : Y T

F.1.2

(9) ytoS=Cx—ci s
In the equation abowe we hawve one wariablezwe
hawve one integrated constantzone derivative

R
C1B) W=Z-x—2.c > c=3—%—3—
=113 a =
(1 9) phg X 22X D
= =
'.'--""-'-'52

> y=x2—x-i2-x—yﬂ F W=

ClassPad:
LelYar

done
Define yixb=ﬂx—c32—c2

done
d
dxiyﬂxbj

Zelx—c]
Check up:
Z

dSolve (=225 2w

{Er'=x2+|x| -constl 1 :I}



> y=xz—2c-x = ix—cbz—cz

J.1.6

¢11) v=a-x<+h-x
two wariables * two integrated constants F two
derivatives

C12>» Wixri=Zg-x+hb
1

C13» yMixd=tes # a= %?, C13axC120
n

143 y!=2-5’?-x+b 3 =gty

Cldy W C1353020110

- . e Mo i 2
L = s LN Lo = Frex F oyM=au -
ClassPad:
DelYar
done
Lefine yﬂx}=a-xz+b-x
done
d
deyix?J
Z2eax+h
2
d
—EE:-"ixﬁ':l
dx
23

F =2, bEyt—pMa
11

_SE_



> :u:2 M=+ 2=l (Euler's equations)

-:|5-:-1'u'-5-'i:n:2 Lt RN L AN P PN
{:.'=:-:E «constl 2 +x-consti 1 :I}

3.2 Differential equations with seperate
variables

F.2.1 w=x
e

E=x F dy=xdx |we integrate > J[dv=Jxdx

o2

W= +C31, C1ER.

ClassPad:
dSolwe Cyw'=x,y xy )

2
{5.'= = +constl 1 :I}

2
L
!:—
3.2.2 v ”
= dw _dx - dw_.d=
dx = = ¥ - | e integarate > ¥ I -

F In|v|=ln|=x|+lniCix + w=|x|Cy # w=x«LCay Cz=ER.

ClassPad:
dSolwe Cwl=w x, xy W)
Tw=|x|sconsti1)}
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h

!:——

F.2.3 v »
L= - 'j_f"= dx . ﬂ=_ dx
= > - | e integrate > | ¥ I -

dx x L

Imn|v|=-1ln|x|+lniCi> + y=%, CiER.
ClassPad:

dSolwe Cyl=—wwy

{ =i:-:-n5tI:1:l
||

F.2.4 w=y—x, =subst. w-rxr=zix) F

Lt i B el i B RN L e e L e o

' xi+l==Cxr F Z'=z-1

dz __ : dz _

e =z—1 |we integrate “rz—l Jdx

In|z—1|=x+Cy * z=£*-Cy3+1

2 w=g*.Cy+x+1, Ci1=R.

ClassPad:

dSolwe (yw'=yw—ryxy

{:.'=|Etx = constl 1 :I+:-:+1}

3.2.9 :."=1+:.IE = 3—§=1+'_-.'2 | e integrate

I ‘:'5"2 =fdx &
1+

arctantywi=x+Cy ¥ w=tanix+Ciryx CiER.
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ClassPad:

dASolwe =14y <

2 Xyt

fw=tan(x+const(1)1)}
3.2.6 v=Jx+v , subst. =+y=z
=1+ > wi=zi-]

> z’—1=a,|'z > dz 1=-:|:-: | e integrate
- +

finding the solution by the help of ClassPad:

dSolve (y?=xty gzl
EE- '-,l':r_'+'_-.-'

(W +1])°

= «consti 1)

2.1 [y +1| Jrz- 7 =
—E-ln[ |a,|'x+:.-' +1|]+E- x+y =x+C

T2, —2-1n|:~,|'x+§,' +1]+2- z+y =x+l, C=R.

ans | z=x+y

2.2.7 w=xlel 2 o2y

dx
> -:|§.'='ix2+13'-:|x | e integrate
:1:3
F y= ?+:r_'+|:1, Ci=R.
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ClassPad:
z

dSolvelyw’'=x<+1l,x,40
x3
{:.'= ?+:n:+i:-:-nstli 1 :I}
J.2.8 x-y’—lnl:w
F 1r|'i§,'3'-':|—5"=l F 1niyh--:|y=l--:|x | e inteqarate
dx = x

> Iilniyh-dykﬁ%-dxh | e integrate

y-lniyh—fy-%dy =lm|=|+Cy
e lp i —+Ca=ln| x| +Cy
Intyws* =p=ln| x|+ C, C=Cy+Ca
W e ¥=x.C, CER.

4F  F e F

ClassPad:

dSolwe(x = PR

1
lncy
{}'5" e ¥ =|x|-const 1 :I}

F. 2.9 v+uatanir =M
Wiz—ue tanixd F ﬂ=—:.'-t.5|n'i:|:3l

dx
dicosixl s

dy L =intx) dy
= I o Ii:n:uslix} dz = [ Ll =I o w i

F lnlwl=ln|cosixy | +Cy
F w=|cosix) |0y # w=cosixiCay CaER.
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ClassPad:
dSolwe 'y tan =8, w0
Tw=|cos(x)|-const(1)}

F.2.18 lncy'i=x=1ngywn
Imiy*a+lniyr=x = lniy?'=vwoi=x |logarithm

2 otag=gt 2 %-}:Ex |we intearate
-_.,:2
2 yedy=JeT-dx ?=ex+c1

% '_-.'1,E=i~.|r2-'i£x+lii3- =J_n,|r2-ex+ca » Ca=R.

dSolwelnty! isx=1niw sy xa
{:.'=—\.Ir2-[ﬁx+i:-:-nstlil:l:| ,:.'=~.|r2- [Ex+c-:-nstlil:l] }

3.3 Solve the following differential equations
with their initial conditions

3.3.1 = 2'1 . wi@r=1
re+1]
3:.'= 22-:: F du= 22-:: dx |we integrate
Loyt r=+1
2
fev=ze p—Em i 3yl TR
r=+1] =+

3 wtCy=ln|xS+1|+0a 5 C=—Cy+Ca
> '_-.'=1r||:|:2+1|+I: npi wiB@I=1 = C=1
3 usln|xe+] [+1=lncx<+13+1
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ClassPad:

dSolwe (=

2.11 s e x=H, =12
=+

F.3.2 v==sinhixar, wiB@I=]

d . .
d—§=5|nhixh | e integrate

>

Jdw=l=sinhixid>x = w=cosh{x2+Cy
npyd woBlI=1 = Ci=H,

T.2. w=cosh(xn

ClassPad:
dASolvelyw'=sinhixiy ¥y

dSolwveyw'=sinh{x s s Wy x=Hsw=12

1
1+

F.3.3 W=

LCP. Gadartd
gy 1 )
= | e integrate
dx 14w
>
15> v=]

1
1+ >

dx

) . ) 1
we salve it noticing this |
1+ﬁ,|':-:

substitution :-:=t2 w dx=Z=t=-dt,
_El.-_'l__

{y=1n[x2+1]+1}

{w=coshix)+const(1)}

Lw=coshix )}

dx as we do the



F

(16> | L

S S W TS P I
+2etdt= T - - dt=2e [ {1-— = bt

1

1t

— — _1 — f—
=2« J1dt 2It+1 dt=2Z=t=2-1n|t+1 | +C

=2+ fx —Zelnlyfx +1]4C

(1633 (15)
3 w=Zeyfx —Zolnlafx +1]+0
=z —2-1n[yfx +1 |+, CER.

ClassPad:

n:ISn:-l'u'E[:."= 1+11.|":|:_ " Ty E-']
{:.'=—E- ln[ |a.|":|:_+1| ]+2- a.u"x_+i:-:-n5tli 1 :I}

3.3.4 =g~
g L A T P
|:|.'-|: E'.'l"
_ 1 '_.l_l_ _1 .
F rx=——+C3 ¥ € =——— |logarithm
g o=y
2, '_-.l=1n[ —1 ]=1n[ 1 ]=—1n|:|:1—x:|, Cy=R.
r—ICq Ci—x
ClassPad:

dSn:-l'u'e'i:.":E:E" e RN

{:.-=1n[ x—i:-:-;|15tli 1] ]}
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3.3.5 =27~

B =T
dx s

| e integrate

B!

PR = Y _="
F J‘E_Erl J2rdws = 1n2+|:

_InCIng2d s Catdd
InC2D ?

oy C=ER.

ClassPad:
dSolwe (=2 """ L x,ud

{ lnl=-1n(2 1Rl 2 ) - const(1))
- InZ )

v—1
+—1

F.3.6 =

dy_p=1 , dy _dx
dx  x-1 w—=1" x—1
F In|w-1|=ln|x-1]|+C4
Ww=ix—12Cy+1s npd wi@2=1 3 Ci=H,

| e intearate

T.2. =1

ClassPad:

-:IS-:-lue[y’=ﬁ n Xn Er']

Dw=lx—1] consti1)+1 }

n:ISn:-l'u'e[:."= z_i n Tty =E, :.'=1]

{w=17%

_ElEl_



3.3.7 e Cxloxi=u—1
w1 dy =1
WETST P qe=

| e integrate

xe—x xE—x
dy . dx i dx
¥ “rg.'—l _Ix2+x Flnlw—12 ‘r—x-':x—l:l
__.dx dx
F lnd|w=1]2==J ” +J‘—I_1

F lni|w=1]|2=-1ln|=|+ln|>=—1|+ Ci

—1|-L Cx—1%a0
2 y—1=% 2 y=%+1, Ca=R.

ClassPad:
dSolwe Cy?s ':xz—x:'=§.'—1 - PR

{:.'= |x—1|-i:-:nst(1:l+1}

<

3.3.8 weuL=sindTexl, YiEI=T
_=int3ex) gy =inl S x )
B = * dx =

o o
3 I:.-E--:I'_-.-=%-Isin-13-:c}-:|-i3-x}

=
¥r 1. .
> = T L—COSC3ex)l

2 :.'=3,.|"—i:|:-5'23-x}+3-I31 . when wiBI=2 * Cy=3,

|we integarate

T.8. y=%f—c-:-siﬁ-:-:b+'§l

ClassPad:
dSolwe Cyts :.'E=5in'13- p I N

1
{:.'=I:—i:-:-5I:3- x +3const( 1)) 3 }



dSolwe iyt :.'2=sin'13- o I N P ] PN ey

1
{5-'=li-':c-sl13- x+3) }

3.3.9 ol
1+x2
Cl+x e Idy=02e e idy
> -:I'_-.-=2-:u:-:|2:u: F |we integrate
1+x
2
dy  Zewxd 2 dixL4id
e x; 3 lnI:-'I=E-J“xE—
- 1+x r<+1

3 1A0 W] 0=1nCr < +1 3+
3 ow=ix<+13.C1s C1=R.

ClassPad:

dSolwe (= e

1+x2

EA R
{:.'=|:12+1 ] constl 1 :I}

3.3.18 Cl+eF gtz ®, wild=1
X X
1 £ 3y -:|:,'= £

F oMy = . e integrate
1+&* % 4g™
x 2 x
s fudumf gy 3 P dlEFHD)
1+&* = &% +1

3 ogL=2 lnCE ] I Oy
> ';.'=i~.|r2-1n'i£x+1}+2-lli ben wila=1

¥ E1=%—1n'§6+1:', '_-.'=+~.Ir2- Ine™+10-2-1nte+12+1
—ES—



ClassPad:

x
dSn:-lwe'i:-'-:-"=1 x,:-:,:-:-
+E
{y=—\lll2-[1n[ﬁx+1]+i:-:-n5tli1)] ,'_-.-'=\.Ir2-[1r|[£x+1:]+i:.|:|n5tl"
T
dE-:-lue'iy-y’=1 I,x,y,x=1,y=1h
+E

{:-'=~.Ir2-1n[£x+1]—2-1niﬁ+1j+1 }

3.3.11 ==+
W X

1 !
=—+= =zubst. = =z F w=z-x
4 e - i

x
F y=r+zhex

1 dx )
> z+z’-:-:=;+z = z-:lz=? | e integrate

s

_ = =7 _
%J‘z-:lz—fx > = In|=x|+Cy

$ zE=Ze1n|x|+2-Cy
3 oz=tfZeln| x| +2.0y 3 §=1J2-1n|x|+2-c1

¥ y=ix-ai|"2-1n|x|+2-lli =ix-~.|r1n'ix23'+ll » C=R.

ClassPad:

dSolwe }"=E+§ TR

{:.'=—:|:- '..|II2' 1 || Hoonst{1) yw=x- '..|II2' 1n[ x| H+const(1) »
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3.3.12 =ixtutln s

subst. rt+y+l=z > yw=z-x-1

F Ww=z"-1 z’—1=zE
3 §5=32+1 2 ;z
X z-+1
F arctantzi=x+Cy
F Z=tani(x+Cy) > x+y+l=tanix+Cy2

F w=tani(x+Cir—x—1. CiER.

=[dx

ClassPad:

dSolwe Cyw'=Cx+u+1 2 z PR
fw=tan(x+const(1)1)-x—17

F.3.13 »'—w-tandixir=H

w1 ! .
?=tan'i:|:} > ?=tan'ix}-:|:-: | e integrate

F InC|yw|»==1nC |coscxl | 2+1lnC |C| 2

_ C
> ln'ilz.llil—ln[ —i:c-s'ix} ]
_ C
* Y ostEy L=R.
ClassPad:
dSolwe (= tanixI=El,y
{ =i:-:-n5tI:1:l
o=z

__l'lE_



3.3.14 'ex+y=0, wild=4

1 L 1 .
= au= —_—=——

> '_-.'+x W=l = ¥ - | e intearate
¥ lnilylh=1n[-5‘] > wili=4

I d
> 4=T F =4 > :.-=;, T2,
ClassPad:
dSolwe (s r+u=H, w0l

{ =i:-:-n5tI:1:l
||

dSolwve s y+u=H, xy Wty x=1 . w0=d 2

U7

F.3.13 w-y=0, wi@i=a, W{HI=2

the characteristical equation is: r2—1=El
Fri=1, ra=-1

3 op=Cee el ®E4gee ™17 2 0y=7, Cp=v
when YoB»=a = Ci=-Ca

when wRA»=2 F C1—-Ca=2 F 2-C1=2

F Ci=1, LCa=-1

2 =g t-g

ClassPad:
snlue'ir'z—l:El, K
fr==1,r=11}
__Iu' 1 —



dSolwe (™ —wu=Hy vy
{y=£x-cnnst(23+ﬁ_x-cnn5tilﬁ}

Define wixl=e®.C24+& *.C1
done

WiiH =K

é%(yixhj=2lx=@
Cl.C2
{Cl=-1,C2=1}
dSolve (v —w=H, x, vy 2=l W=E, Z=H, 01=20

{y=e®—g 7%}

F.3.16 -4 =5F.p=0

the characteristical egquation is: r2—4-r—5=E

+16+ 16+20

=
3 ow=Cye €7 X405, Cyi,Ca=R.

F Fisa= * F1=3s ta=-1

ClassPad:

snlueir2—4-r—5=ﬁgrb
fr=—1,r=51
dsolve (=g =S =@, w02

{y=£5'x-GnnstEE)+E_x-cnn5tE13}

2.3.17 w-— =1

e Tt Y-
_?2_




’ i}ﬂxb=;

Cxtln s
w=CyeedPEEAdE 2 poopega=n

Pixa=

x*+1

Chwi=fixn-g JRAEIdE g
. Gxi=—

C 1
Cixa=f . dir

| fxt13 < x+1]
CiCwa=f ;E]dx 2

| a1
}.=_;2+|:

FEx+1 )
1 1

= '::I'_'+1.'3'—E- mg CER.

ClassPad:

dSolwe {w'— 2= L EA R

L ead1a e

{—\J\ 1 = di » [x+1]|=|x+1]| - consti 1 :I+:.I=EI}
le+1]=(x+1))
L 1
dSolwe (- = RN ) |
Al v T

{:.l=:|:- constl1)-

= |:1+1 3 +i:n:-n5tI:1:l}



3.3.135ﬁ=§+2

F"i:-::'=%, G =2

Erl=|:_E,I"|:-'::|::l-:|:-: 3, Erl=|:_Eln|:-:| =
F C=Cixa="

Crexi=faiyi.g JPLOEIx 4.

I:"i:-:3'=I[E- %]dx F C'Cxdr=2In|x|+Cy

5,'=|:1n':x2 :'+I:1]- i
ClassPad:

dS-:-luei:."=§+2,:-:,:.'}

Pw=2e w10l [x| 1+]2] - const(171]}

__Iu'.-_‘l__



2.4 Linear homogeneousAnonhomogeneous
differential equations with constant/”
nonconstant coefficients

F.4.1 w™Mei=gt

w=wptn we should find wp=%.n="

the characteristical equation is: = +r=i
FerS413=0 & ro=@, ra=ie1, rg=—isl
wp=C1€D" T+ 0o cosx ) +Cae sind—x)

nxe®: n=A-e%-x™M, m=0

n=H-&"

A=A " 2 o™= ™

aM=A- ™ A-&*+A-£T=g"2 F|=%
n=A. e *

'_-.'=I:1+I:E-i:n:usli:|:3l+llg-5in'i—:|:3l+%-Ex, CisCas C3=R.

ClassPad:
dSolve ™4tz T, 2wyl

{}'=%+GDSEIJ' constl 2 )+sinl x ) const( 2 +constl 1 :I}

F.4.2 w1548 =0

the characteristical equation is: r'2+13-r'+4EI=EI

~13+/ 169- 168
Fis2= =

__Iu'S_



Fi==5, ra=—5&
3 ou=Cyee 2" X4lae e 0 %, [y, Ca=R.

ClassPad:

solvelr<+13. F+4B=8, F)
Lr=—8,r=-5%
dSolwe O™+ 15 '+ d B =Hy a0

{5.'=|Et —arE, constl 2 )+E —Bex, constl 1 :I}

F.4.3F w5 0+3534. =0

the characteristical equation is: r‘E—E--r'+34=EI

-6t 36-1326

Fisg= =

Fi=—3+4=5, ra=—5-14:5
_ S . e
F Ww=ECyecoOsSCSexie £ +CarsinC S g » C1:Ca=R.

ClassPad:
ASolwe (=5 '3 s =Hy Ty 2

{mcosiSexl €2 % consti 1 +Sinl S x - €5 % consti 20

F.d. 4 Y depltde w=i

the characteristical egquation is: r‘2+4-r'+4=El

-4t /1616

Fisa= = F F1=ra=-2

W=(Cy+Carxi=€ = %, [y, C2=R.
_?El_



ClassPad:

snlue'ir'2+4- F+d=H,r
Lr=—2}
dSolwe Cu™+d - oM d e u=B, w00
Ly=xee”
J.4.93 v"M+il=ginixd

L, constl 2 +E manx, consti 1 :I}

w=wp+inn we should find =" ="

F 4r=0

the characteristical equation is: r
FeCFS+10=@ > ry=@, ra=+is1, rg=—i-1
yg=Cy = el X tCaecostxd+Cg-sindx)

SincxdEn * n=e? TiA-sintxi+Bcostxr e xM, m=1.
A=A x-coslx 1B x«sin(x)+B- cos(x )+A- sinl x)
nM=—B.cos(x)-A-sin(x)

A"™=—Ax+cos(z)+Bx- sinlx -3 B+ cos{x -3« A= sin =)

M+nt==sincx

when x=HA,x=1 we hawve the following system

~2-B=0
—2«As=sin(1)-2-Bscos(1)==sin(1) A, E

1
> H=_E’ B=A
5,'=I:1+I:E-i:nzuslixHI:a-sin'ix}—%-sin'ixh, CiaCasC3ER.
ClassPad:

Lefine atxi=CA=Sintx)+B-cosCx) i x
done

__Iu'?_



'QE{ i, h)+ili Cx))=sin{xi¥eq3
Fln )+ lntxd ) =sinlxibeq

dx
—2«Becos(x)-2-A« sin x)=sinl x)
eqd | x=a
-Z2«B=A
eqa| x=1
—2«A-=in(1)-2-B-cos(1)==sin(1)
eq.2 | x=a
eq.3|x=1 . E

{FI=—% , E:=El}

+zinl = 1= conzsk

dSolwe (™ tl=sinlr s ra Wl
_=x=zinlx)
{5" Z

Zecosix]
4

+coslx ) constl 2 )—

T. .
_—x==inlx)
- 2

+sinlx ). const( 3 H+const(1)

Facoslx)

4

2ecoslx)
4

+coslx ) constl 2 -

coslx 1 constl 2)- =C2=costxl)

ClassPad solution:

—xX= 52”-“::'::] +C14+C2cosir 2403, 5i|'l|:--'::|

Wix =

3.4.6 Y- Paumy—g®

w=wp+ni+na we should find wp=7 =%y ="y

the characteristical equation is: r2—3-r+2=ﬂ
F =1, ra=2

> '_-.-'|:|=|:1-E:'-":+|:E-E:E'x

__Iu'E_



r¥iy ¥ mi=A+B.x
=B, mM=0 F g MEe e =
we have the following swstem

2-A-3-B=8 3 1
¥ A=3. B==
*{2-(H+Ej—3-a=1‘ﬁla 47 T2

—Ex#:-'.-a > na=A- gT.xM «m=1.
na'=A- €%« x+A- £ =A- (x+10- £

;':'E“=FI' ':.-|:+E:' = Ex #‘ ;"IIE”—SI ;l'l|1’+2- ;.'l|1=—f:-":
A= Cx+Z20—-32«A«{x+12+2-A-x=—1., A=1

wEyptnitina F '.'-'=|::I.'EI+EE'EEII+§+%+EI'I: CisCa=R.
ClassPad:
snlueirz—E-r+2=E,rb
fr=1,r=23}
Define mix2=H+E-x
done
n:l2 d
——E{niﬂxh)—3-E;{niﬂxh)+2-ﬂ1ix}=x%eq4
dx
2«[B.x+A)-3-B=x
eqd | x=H
Z2*H-3-B=H
eqd | x=1
2-[A+B)-3-B=1
eqd | x=a
eqd | x=1 . E

_3 1
{H‘4’E‘2}

_?9_



Define matzi=Ae%.x
dane

2
fai:tc-r'i}ut[d—zli:-:-a'ixb 1-3- iI::-'.-Eli:nt:- T+2=atx, FI]=—|E;:':
A '

—A-g*=—g™
ASolwe (=3 42 :.l=:|:—-E:x AR
x* 3

{'_-.-'=E22. Teconst{2Hx-eT+e" i:-:-nstlil:l+£:x+§+1

3.4, 7 WM g &
w=wg+n we should find wpg=". ="

the characteristical equation is: r3—r2—2-r‘=El
FeCFE—F—23=@ # p=—1, r=@, r=2

wp=Cy- €9 T4z & TF 405 g2 F

€T3 3 n=(A+B.xi.e”
A'=Bex-€T+A €T +BE"
nM=B-x- g T+AET+Z-B g

AP=Brx« & +A- £ T+3-B- "

3 Z
Ij_ _Ij_ — ™ —Ij — [] :I:
deEnﬂxh) dxzinixhj z dx(nixhj Ll =

2 E-Ex—E-[E-x-ﬂx+H-Ex+Eﬂ-Ex]=x-Ex

when x=H.x=1 we hawve the following svstem

-2« [A+E+E=A s A= 1 B 1
—Z«[AE+2Z+B- € HE- =€ A.EB g =
(1 1 | .=

%*:-'.-—[4 = :-:] c

_EE_



1
Z

£ |

'_-.-'=|:1+|:E'E_x+|:5|'fi2.x+[ -x]-ex, Cys Cas C3=R.
ClassPad:

Solwer FS—FE—E- F=HaF2
Lr=—1,r=8,r=2%}

Define nlx)=CA+B-xi. e~

dane
i 2
d d d
——intxd ) ———=( (el -2« =—(nixd) )=z & *22q5
du dx< =
E-Ex—E-[EF-:-:-IE:I+FI-|E;I+EF-IE::':]=:|:-IE:':
eqS | x=H
—2-[A+B)+E=8
eqa | x=1

—Z«[A-&+Z2-B:&)+B- £=¢
-2« [A+B1+B=A
—Z«[A-e+Z2-B-&)+E-£=£ A, E

_1 1
{H'4’E‘ 2}

dSolye (™™ - i g X

X I .

{y=£2'x-c-:-n5tli3:l—x: +E4 +& F«constl 1 Hconst( 2 ¢
. x
T.e.v=e< F . constl(3]-= EE +E4

+& e« constl 1 Hconstl 2]

J.4.8 »M"-To 5= -2
w=wp+n we shoudld find wpg=%.n="

_81_



the characteristical equation is: rz—?-r+6=ﬂ

?+JE§:EE_

Fiaa= = F Fi=6y ra=1

':-'I]=|::|.'EE'.I+|:E-E:I
nFlil-x=2 = n=A-x+B
WERy =R =T nt o=l x-2

when x=H.x=1 we hawve the following svstem
{—?-H+E-E=—2

* A=2, B=2
Ge (FHBI-T-A=18 | 4 £ ’

3 o=y €0 K +Cas X +2. w42, CyrCa=R.

ClassPad:
salweirz—?-r+6=ﬂ,rh
tr=1l,r=6%}
Lefine nixi=H-x+B
done
d< d
——E{nﬂx}j—?-E—Enﬂx}j+E-nﬂx3=12-x—2#eq2
u x
el Asx+B)-T-A=12 x-2
eqs | x=@
-T=H+5-B=-2
eqd | x=1
&«[A+B)-T7-A=18
{eq2|x=ﬂ‘
eqz|x=1 A, E

{A=2,B=2}

_EE_



dSolwe (=o' tEe =] e r—2Fy w2
{5.'=EE" e const(21+e s constl 1 +2- x+2}

F.4.9 w¥-g 5. =0

the characteristical equation is: r‘E—E--r'+E-=EI

Gt 36-24

Fisg= =

Fi=3+y 323  ra=3—y 3

ClassPad:
dSolwe (=G WG =l g

{y=£1"llg_' LS constl 2 )+E _E. L consti 1 :I}

3.4.18 -u=g ~

the characteristical equation is: r—-1=8
Fr=1 Fw=wptn
3 wp=Ci €™,
Are " & A" Cex™M, m=8
$ n=A-&" "

'=—A-&" " * pl-n=e "
: —A-& "-A-& T=e "

1

F —Z2A=1 = H=_E

_83_



1 -
OT w=wptn 3 w=CigT—=.8~ %, C1ER.

2
ClassPad:
solvelr—1=H.,r2
Lr=1}
dSolve iy —w=g " x, i
P
w=g* .« constl1)- =

J.4.11 »"—4.'+135- =0

the characteristical equation is: r2—4-r+13=El

i, 16-352

12 a= =

B =FHe 3, ra=2—is 3

3 o=y €2 K0St x e €5 X e gint 3 wd, CyaCa=R.
ClassPad:

dSolwe (=g '+ ] Sau=H, w3
{5.'=i:-:-5(3- x ] et =, constl 1 +sin(2-x]- est =, i:-:-nstI:E:l}

F.4.12 "4+ 153 p==inixl

Y=gty TERCHH Yp=7 . n="
OT Fud.11 & wg=Ci- €2 % ecost3-xi+las 65" X e in e 20

nFSinLx) F :-'.-=|E2E"1FI- costxi+Bsintxal
A xi=B-cos(z1-A-sinx)
1 =

n =—H= —B. = =— =—
A ri=—R-cosl(z)-B-=sin(x) * A 4EI’E a0



Ll Zex

F w=Cyv E sCosC3era+Can £ sSimlEe e+

1 = .
" cnsi:ﬂwﬁ- sintxirs CiaCa=ER.

ClassPad:
dSolwe (=g '+ ] Seu=sini s Xy

{y=cns(3-xj-Ez'x-cnnst[l)+5kﬁ3-xj-£2'x-cnnst[?}ﬂ

Lefine atxi=A-cos{x2+B-=inix>

done
n:l2 d
——E{nﬂxh)—4-——Enﬂxh)+13-nixh=ﬂnix}%eq
= dx
12-(A-cos(x)+B-sin(x))—4-(B-cosi(x1-A-sin(x ) )1-A- cosi(k
ad | =8
12+ A—4 . B=0
eq|x=1

13=-(A=-cos(1)4B-sin(1))+d4-(A==sin(1)-B-cos(1))-A- cosik

=g | »=H
edq|x»=1 A\ E

N cl
{F" am ' 4@}

3.4.13 ™3 42.u=h

the characteristical egquation is: r3—3-r+E=E
FFop—Zer+2=0 3 peCFC—1342- (p—10=0

(F=13s CrE—14r+23=B 2 py;=1, ra=1, rz=—2
w=(Cy+Ca= %2 € +Cg- €< %, [y,CasC3=R.

_ES_



ClassPad:

snlue'ir'g—E- F+2=H, 12
Lr=—2,r=1}
dSolwe (™ =S+ e =[xy

{:.'=:n:- X const{3+e™ - constl 2 1+¢ e constl 1 :I}

F.34.14 Mtp=siniZ-x
w=wg+n we should find wpg=". ="

the characteristical egquation is: r‘2+1=El
FFi=—+a Fa=t
Wp=Cyrcosixa+Car sinlxen

SinCZ2=x2+n ¥ n=A-sincZ-=2+B-cosC2-x2
=2 Arcos(Z2ex)-2«Besin(2-x)
nP=—dsfegin( 2 x)-d4Brcos(Z-x)
atn=sinlZ-x) ¥

when x=H.x=1 we hawve the following system

-2.B=A #’
—3Assin(2)-32-Bscos( 2 )==sinl2) A, E

A=-=, B=H =

Li|— L~

n=—— SOt

Ww=CyrcosCxa+Ca- sin'ix}—% sSinld=x2a CiaCaER.

ClassPad:
Lefine nixi=A-sint2-x2+B-cos(2=-x
done
_EE_



z
il—inﬂxh)+ﬂix}=EMi2-xh%eq6
de

eqE | x=H
-2-B=A
eqE | x=1

g5 | x=H
eqE | x=1 . E

—Z«A=sin(2)=-3-Bscos(Z2)==in(2)

{H=—%,E=E}
dSolwe (M +p=sinl 2 x iy Wi
{y=ca5(x]-canzt(1J+5kﬂxj-canst(?}—éiiglil}-

3.4.15 oMM et —umg R s 2axd

w=wg+n we should find wpg=". ="

the characteristical equation is: r3—3-r2+3-r—1=ﬁ

Fri=ra=ra=1 #
Wp=LCy+Ca= 2+ 03 :n:2 Teg T
€ Fecos(2exddn n=€ Te(Ascos(2exi+BSing 2z

w'=—(A-cos(Z-x)+2-A-sin[2-x)-2-B-cos(Z«x +B- sin( 2-:*
== 3«A-cos(Z2-x)-4«A-zin( 2. x +4-Becos(2«x +3-B- =t
== A cos(Z ) +BSinl 2 x )0 & 43 [da Ar cos( 2w 1+t
A= M3 e T cos (2w

_E?_



when x=H.x=1 we hawve the following svstem
e[ 2A+d4-BI1-2-[A-Z-B)+18-A-2-.-B=1
3
—S-EH-EDEEEJ+E-H-SMEEJ—E-E-EDEEEJ+E-EWIEJJ-E_1-

1 1
> H_SE’ 8—32
= € "
w={Cy+Cas x+Ca=x <25+ = s(cost2xr+sind2-x2 ],
C1:CaxCa=R.
ClassPad:
Solvelr = =3 F2+3 r—1=@, )
Lr=1}
Define AfxI=€ T« (A-cosi{2xi+B-sint2-x22
dane

d3 -:I2 d —
——E{nﬂx})—3-——§Enix}J+3-——Enix}3—nix}=ﬁ X oSOy
dx dx dxx

—2-[(A-cos(2=-z4+2-A-sin(2-x)-2-Brcos(Z=x 4+B- sin( 2~ x*

eqy | x=H
2=[3-A+4-B)-2-(A-Z-B)+16-A-2-B=1
eq7 | x=1

—E-EH-GDEEEJ+E-H-QHEEJ—E-E-GDEEEJ+E-5kIEJJ-E_1—E*

eq7 | x=H
eqy | »=1 A, E

N S
{H_SE’E_EE}
dSolve (™=t o S g T R oS Py e

{5.'=:n:2 e sconsti2+x-eT s const{2)1+e* - constl 1 :I+E*

_EE_



Answer:
2

w=xr< g e const{ 24z e s constl 2+

GDEEE-E)-E_x_FEWIE-EJ-E_E

I.
& -const( 1)+ 7

F.4.16 Y150 4B =G

w=wp+inn we should find =" ="

the characteristical equaﬁnnis:r2+13-r+4ﬁ=ﬁ

-13t/169-168

32

Fisg= = F Fi=—9a Fa=—=2

'.'l"|:|=|:1' E_S'I_H:E_ E_E. X

a=xFn ¥ n=A+B-=x

=By n¥=0
F P12’ +4B- (A+E-x)=0x

461 A=—13+E

_-13 __1
H_EEE’ E'a

{4E-E-x=5-x

A\ E

P T SN - P SN
w=Cye +Ca= £ 32'3+ Ty

ClasszPad:
Solvelr<+13. r+4@=8,

_EE'_

CixCa=ER.

Lr=—8,r=-35%}



Defime nixi=A+E-x
dane

d
dx(nixbj%npl

E
13=opl+dd-nixi=5 x32gq3
4@« (B=x+A)+13-B=5-x

eqs| x=H
4Hd-A+13-B=A
g3 | x=1
4@ [A+B+13-B=5
=23 | x=H
eqs| =1 A, E

__ 13 1
{H' 32@’5'5}

eI, -8ex, x_ 13
{y—ﬁ constl 2 )+E cnnst(1}+E e

dSolve O+ 13 '+ dle =S ry w2

J.4.1F M-S 4 Fan= EX+zintx

Warptnitie TEPCHEH Yo=Yy =% na="y
the characteristical equaﬁnnis:rE—E-r+2=E
Foor-Zer+2=@ % re(rf-13+2. (F-13=0

Cp=17-Cre—1+r+27=@
Fri=1ls ra=1. rz=-2

Wg=CCy+Cas X g5 +03- g "%

ZegTEny 2 =A™, m=2

_laa_



:-71=F|-|E;:':-:|:2

N=A xS g AT A
:'?1”=Fl-x2-Ex+4.|:|.x.ﬁx+2_|:|_ex
;.-l|1!!!=|:|- xE.Ex+E"F|'x'EI+EI'FIIEI
"™ =3e 2 =2 e

1 =l_ xr 2
¥ FI_S ¥ i 3 [ X

SiNCEXFng ¥ nag=A-sinx)+B-CcosCx2
ma'=A- coslx)-Bs=sinx)

ma*=-B- cosix)-A- sini x)

== coslx 4B sinlx)

M= M2 =sin )

when x=H.x=1 we hawve the following svstem

—4.A+2-E=A
—Z2«(A-cos(1)-B-=sin(1)1)4+2-(A-sin(1)+B-cos(1))
—A:cos( 1 4+E-sinl1)==in(1) A.E
1 1
A= TE EF—5
> =L-5inixh+l-c-:-5'ix} >
T 5
'_-.-'='1.'|::|_+|:E-:r.':"Ex+|:a'ﬁ_2.x+%-ﬁx-x2+
1 ) 1
ﬁ-sln'ixﬂg-i:-:-six:', CiaCasC3ER.
ClassPad:

Solwelr s =S r+2=3, 1)
Lr=—2.r=11}
_91_



Define mtxi=Ae*. :-:2

done
d4- 4
—Slimli:-::l:I—3-—(:-'.-1'1:-:3':I+2-:-'.-1'i:n:}=2-£x#-e-:|9
T T LT Ll I - TROPE SRR T - T S
T.E.

QPRI He kT B G A xe €5 HE-Ar e

3. [ArxZ g% 42 Ae -6 Jo2- €F
eqd | x=H
& A=2

Lefimne matxi=A-sintx2+B=cosix?
done

3
Jlg{naﬂx}J—S-Ji{naﬂx})+E-naix}=ﬂnix}%9qlﬁ
A= dx

=2 [A=cos(x]-B-sin(z))+2« (B cos(x)+A sin(x ) )-A- cosik

T. &

2ql@ = -3-(A-cos(x)-B-=sin(x))
+2«[B=cos(x4+A==sinlx))
—A+ cos(x )4+E- sinl x )=sinx)

eqla | x==a
—-d.[+2-B=H

eqla|x=1
=S Ascos(1)=B==inl 1 ))+2«(A-sin( 1 )+EB-cosi 1 ))-A- cosik
eqld | x=Q
eqla|x=1

H.E

1 1
{H‘m’E‘S}
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dSolve ™ =S+ 2 e =2 g T gin g e

{ ¥ e® Fexe gt Zag*
Y= +

e . - X, 3
= +x= & -const(3) 3 = +&T - constl

Fewag®

— n n '-'I:
o C3sx=g&™ and

xe € s const( 23—

Zeg®
27

+& s constl 2)1=C2- e

Answer:

.
== 313 +urg®CE+ET 024
coslx] sinlx)

eTE E LD —=o+ SRS, 01,02, 03=R.

3.4.18 oMM usr g R L ginx )

w=wg+n we should find wpg=". ="

the characteristical equation is:r3—3-r2+4-r—2=l3
FFi=1la rg=1—-%. r3=1+%

wp=Cis € +Ca €T s casix i +C= €5 - Sintxd
::-E:':-sin'ixb%:-:-
m=xs CALs 2 +AZ s €F e SinCxd+xs (Bl x+B20 €T s cosCx)

ClassPad:
dSolve ™ =S P+ =2 uzx e g X e SiACE Dy Xy D

{E-'= —x L. sinlx-e* _ Fexecosix]- e*

+oos(xle*const ¥
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we have

! T :
. =i X

sinlx1-e*-const{31+e* - const( 1)

Tesinlxle g™
=

+zinlx ) &%« constl{2)=sinx1- &% - C3

=—x2-5kﬂxj-ﬁx__S-x-cnsﬂx)-ﬁx

4 4

+oos(zle e e C24sin(x) e Co3+e™-C1,
Cl.C2.C32=ER.

Solweir =S =S r S +de r—2=@, 1
fr=l.r=1-%a.r=1+i1}
rFactnrﬂrS—E-r2+4-r—2}
[F=11=(r—1+%1-(r—1-4)

Define »ixd=x« (Al -z+AZ)-€* - sintxi+x- Bl-x+B22-g~"
done

in other words the equation we defined is:

alei=zre g e (EAl-x+A20 - Sindxd+ (Bl x+B20 - cosixl D

d4° d< d
—jginﬂxh)—3-——E{nixhJ+4-——Enixhj—?-nixh=x-£x-5h
dx dx =

Zexecosix)- (Al x+AZ) & +6-cos(zl-[Al-x+A2)1- £~ 2.}
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eqll is:
(—daBlex+EsAl-2B20scos(xz)- ™+
(—d-Al-z—2-A2-&-Bly-sin(=)&® = z-zinlx)-&*

eqll|»=H
E«Al-2-(Z-AZ4+2-Bl+2-BZ)+&-AZ+5-Bl1+4-BZ2=8
eqll | x=ns2
z T
T x [H¥“+mﬂqpaz Alemee 2 [Eh
|| 7% +F|E]-£ + 5 + 5 -
eqll | x=-n,2
. -n .
_4.[ = Flz]nﬁ —[HIIH—HEJ-E?_H]-.H.EE ¥
2 2 2
eqll|>»=n

—da [ (AL mHAZ e e €T HEL s B2 e €T H(E L« B e e €4
[ eqll|x=8
) eqll | x=ns2
eqll | x=—n,2

| 2qll|x=n AlsAZ,El,E2

1 3
{H1=—E,H2=E,EI=B,EE=—E

_95_



F.3.19 M+ g=22 E_x+5in':x:'+% s Sin e

Mgt tnatnas Yo=Y =Y 0a=te 0=t

the characteristical equation is: <44 r+d=i
(x+2)€=8 & ryya=—2

=t Ca+Carxi e & 20T

Zeg T2y 2 y=Asg ez, m=8

n=A- e "
ny'=—A-&" "
=R e "

P TELE - P L TP P S
A=2, =€ ™

SintxrFng :-'.-E=|E2E" e (A= sin{x2+B=cosCxd )

na=H=sinCx2+B-cosCx)

ma'=As cos(x)-B-sinlx)

naM=-B«cos(x)-A-sinlx)

na"+d s pa"+d e a=sinx )

when x*=H,x=1 we have the following svystem
4« A+3-B=H
d=(A=cos(1)-B==in(1))+4-(A-sin(1)+B-cas(1))

—A-=in1)-B-cos(1)==in(1] A, E

-3, p=-2
$A=z . B=-og %

_3 4
HE_ES SinLx) e COSLx)

_E|El_



%-siniz-xh%m >

n3=As=inCZsx2+BecosC2axl

ng'=Z-A.cos(Zax)-Z«B-sin(2=-x)

n3"=—4-A-sin(2-x)-4-Bcos(2-x)

ng**+d = g’ +d. :-:-F% s Sin 2

when x=H.x=1 we hawve the following system
== H=08

) 40 2A= cos(21-2B- sin(Z2))+4(A- sin( 2 )+B-cos(2])]

—4-A-sin(2)-4-B- i:-jsliEj:—E'né:E:'
) H.E

=@, B=——L
A=8, B=-=j

1
FNg= = CosCle

W=yt tnating

W={ g +Ca= w0 - E—E-x_,_e—x_,_i_ sin'ix:'—i- costE)—

25 25
|
Ec-:-si?- *1a Ci1aCa=ER.
ClassPad:
Solvetr<+ds rrd=@,
Tr=-2}
Define mtxi=A-e"*
done
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2
le{niﬂxb)+4-é%(niﬂxb)+4-n1ix}=2-ﬁ_x%eq12
X

eqlZ|»=H

A=
Defime matxi=A-sintx2+B=cosix)

dane
4= d
——E{naﬂxbj+4-——{naﬂxbj+4-neﬂx}=ﬂnixb%eq13
A '

Ge(A=cos(x)-B-=sin(x))+4-(B- cosl{x+A= sin(x ) )-B- coslak

we have

G [A=cos(x)-B-=sin(x]1)+4- (B cos(x)+A- sinlx))
—B coslx)-A= sinl x )==sinlx )

eql3|==H
4« H+3-E=H

eql3|x=1
G (A= cosi1)-B==ini 1)1)+d« (A= sin 1 +B=cos(11)-A==ini 1 ¥

in other words
G« [A=cos(1)-B+=in(11)+4-(A-=sinl1)+Bcasi1))
—A= sinl 1 )-B=cos(1)==sin(1]

=ql3 | x=H
eql3|x=1 s E
_8 a4
{H_ES’E_ 25
Defime nytxi=AsintZ«x2+Bcos(Zx2
dane
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2
da gl ) +4s 0w T+ g ()= SN 2. % B eqld
A dx 3

o[ ZeArcos(Zex)-2«Besin(Z« =) )+d« (A= sin( 2= x +B= cosi ¢

s0 we have
. EE'H'E—DEEE' x:I—EIE'EiI'IEE' I:':H'
e (A-sin(Z=x 4+B=-cos([Z2=-x]]-

de e ginl 2 x -4 Becos( Zex )= Elnli;'.-x:l
eqld | x=H
2« A=E
eqld|x=1

o[ ZeArcos(Z2)-2-B-sin(2))+d= (A= sin( 2 1+B= cos( 21 )—3 - Fr

we havye
Ge(Z2eAcos(2)1-2-B-sin(2))+d4- (A= sin(Z2)+B-cos(2]]
—d4«Assin( 214+ B« cos( 2 )= 5""52:'
eqld | »=H
eqld | x=1 A\ E
I &
{F"E"E' 24
dASolwe (™ +d. y’+4-y=2-ﬁ_x+5in'ﬁx}+% LR | g L R e e N
{y=2-ﬁ_x+x-E_E'x-cnnst(23+ﬁ_2'x-can5t(13—4'G§§Eh
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Answer:

W=Ze g Edxeg TS L cansti 2 He TS F e constl 1)
_4-505Exj+S-SMExJ_GDSEE-xJ
29 25 24

3.4.28 5.'”—2-5,"+§.'=£-Ex

W=yghiny Wp=Ye /=

the characteristical equation is: FE—E-F+1=B
(Fr-119=8 # ryyz=1

wp=iCy+Cas ki g

%-exm $ nlxd=(CLCxI+020xdxd g™

Define »lxd=¢Cléxi+02éxiaxi g™
done

d
dx(nixhj

1 || 1= &= +xe 1m0 || 1 & —xe g™

i(clixjj -Ex+x-iEE2Exjj e X0
i[ex-I:llix:l+£x-EEEx]+x-Ex-E2ExJ]=%-Ex

xz-hﬂ”ﬂ]-ﬁx—xz-EI+2-xdonH-Ex+Ex_ex
s s
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CSl-g +x-CS2-g*=A

X
c51-ex+c52-ex+x-c52-ﬂx=.€?

CS1.,C52
{E51=—15E52=l}
x
O
Define Elix}=Jﬁ—1dx
O
done
O
Define EEix}=Jiidx
O
done
Cldxn
-
CZexn
1n || ]
Define nixi=C—x+lnixlsxi-e*
dane
ic I T e R
|:|:r_’2 N dr N bl

xE-hﬂxj-Ex—xE-Ex+2-x-hﬂxj-Ex+E*
x

(e lmlx)—xl- ™+

simplifytans?
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ClassPad:
Solveir<—2.r+1=0,r)
tr=1}
Factorire—2-r+13
(F—11<

dSolwe (=2 :.."+:.'=% CET g

{:.l=:|:-1n|: || 1+ & *+x- €™ v const{ 21—z g +&™ cnnst(l:l}
wiza=welnl [x| ] e +x-&*C2+&*-C1, C1,C2ER.

3.4, 21 oMM St —mg R s 2exd

WEnpgtns Yo=Y ="
the characteristical equation is: r‘3—3-r2+3-r—1=El
F1=tra=r3=1

W=t Cy+Cas w+Cg w3 g%

£ Ceoos(Zexidn
n=€ e CA-cos(2 x+B-Sin 2z
w'=—(A-cos(Z-x)+2-A-sin[2-x)-2-B-cos(Z«x +B- sin( 2-:*
== 3«A-cos(Z2-x)-4«A-zin( 2. x +4-Becos(2«x +3-B- =t
== Acos( 2. x)+B sin( 2 x )0~ +

Ze(d A-cosi2-x+dBesinl2-x10- 7"+

(E«A-sinl 2. x)-8-Bscos{ 2 x]0- 6" %-

Se(ZeA-min( 2. x)-2Brcos(Zex)l ™"

MM D = e ooSC2ex)
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when x=H,x=1 we hawve the svwstem
1 1
H_SE’ 8—32 F

N=E . -:i-ms-:z-x:wi-sin-:z-x:-:-

a2 a2
W=C 03+ x+C3- < g e . i%- CcosS(Zexi+
%- Sint2ex2y CiaCaaC3ER.
ClassPad:

Solvelr =3 r<+3e p—1=@, r
Lr=1}
Define nﬂxb=ﬁ_x-iH-casiE-xh+E-5hﬂ2-xh}
done
d° d< d _
——E{nﬂxbj—3-——§Enix}j+3-——(nixhj—nixh=£ ozt
dx dzx dxx
—ZeAscos(Zex +Z2 A= sinl 2 =2« Becos(Z«x )+B= sin 2z
eqle|»=H
2= 2-A+4-B)-2-(A-Z-B)+18-A-2-B=1
eqle|x=1
~Z[Fx cosl 2 +2« A= 5inl 2)-2- Bx cosl 2 +B- sin( 2))- € "1 -2*

eqls | »=H
eqle|x=1

A.E
_1 1
{H' 7z B 32}
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dSolve ™ =S S iz T e oS (R e )

{:..'=:|:2 ¥« constl 2 4x- &%« constl 2 4+€% - constl 1 1+ 2=F

Answer:

w=x e g% . consti 34 €% - consti 2 He S« constl 1 1+

cosl2-x)-g™* . Sin( 2=zl g *
s s

3.4.22 yM—dei=xe g "

WEWpHgy W= =Y

the characteristical equation is: r‘3—4-r'=El
relr2-4)=0 & r=-2,r=0,r=2

wp=C1r €9 ¥ 40 g TE 4Lz gLt X

g5 g

n=CA+E g3

=3 Bexe g7 F+3-A-eF K 4B g E

aM=Te B xe €0 E 42 e g T 4B g
AM=2 7 Bexe € T42T AT T 427 B eI

A" —d e = 63' x

when x=H.x=1 we hawve the following svstem
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—4.[2.A-eF+d.B 7 427 A0 €7

+54. B g =g

—d (3 A+B+2 T A+27- B=@ A E
23 1
A== 205 E'15

23 1 S
NEl-oog g i E

— n _EI:I: n 2.1 —E L
w=Cyi+Car € +C3 £ + £ 225+15
CisCas Ca=R.
ClassPad:

Snlueir3—4-r=ﬁ,rh

Define nixi=(A+B-xi-g=" %

3
= _q..d I T
dxginﬂx}) 4 dx[nﬂx}) Pl = 22ql8

xIeE

Lr=—2,r=8,r=2%}

dane

2TBrxe €7 F42T A eF 42T B e S E g (3B e e T E 4

eqls|x»=1

~g.[2.A. e+ B % 427 A- ¥ +54. B e 5 =7

eqls|»=H

—4« (2= A+B)+27-A+27-B=0

eqls|»=H
=ql13|x=1 A\ E

-1683—
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dsolwe ("™ —d . u'=x. Pk T TRE

{y=x-£3”‘_23-63'x

Z2ex -2 X »
= S +E constl 3 +e constl 1

3.4.23 WM dyt—du=ars (xtsinard :."iEl}=ﬁ :

1 L
WACE D Y wH 3

W=rptnitines Yo=Y =Y me=t

the characteristical egquation is: r‘3—r2+4-r—4=El

FECp=1+ds CF—17=0@

Cp—17-Cr<+43=@
Fi1=1s rag=—+%=2y rz=%-2

wg=Cir €5 +Car cosC e 22 +Cge Sinl 2e )

A SinCA TN
m=tHB- A sinl a2+ CH0- a2 cosC A
=B xecos(x)-0x« sinl x +A- cosx )+

D cosix )+Es sinl = )=-Cx sini x )
mMP==Dexcos(x)-Bx-sin(x)+2-B-cos(x)-

Cecos(x)-A«sin(x)-2«0«=sinx)
m™M=—Bxscos{x)+0 x- sinl x)-A- cosix)-
ZeDecos(z)=-Z«Besinlx +Csinlx)

M= ey =4 =ar - Sin A )

1 1
F|=_§ ] E=_E ] C=-



oLl 1 _A 1.,

= 5 5:} SinG a2+ 15 5:3- COSC A
3:2#-:-'.-3

fa=A+E s 2+ Ce

na'=B+C-x

;,-I|E!!=|:! ;':'E“!=E

e —na" e ngt=de n=x

when x=B,x=1,x=-1 we hawe the followina system
—d s [A+B+C 144« [B+2= C1-2«C=1
—-4-A+4-B-2-C=Q
-4« [A-B+C)+4-[B-2-C1-2-C=1 AsBaC

3 1 1
H—_Eg E— 25 |:— 4
=21 1 .z
METETE T
5.'=I:1-|Etx+lla-i:-:-E'iE-x:'+I:a-5in'iE-x}+'i———é-x:'
: 11 _=2_ 1 1 2z
= Simt a4+ 15 & T COSLE ) Z S x 3 p
C1:CasC3=R.
ClassPad:

ClassPad provides two different methods for =olwving
special type of linear differential equations with
constant coefficients. Qne i= direct way with dSolve
and indirect, using formulars for Laplace
transformations

laplace (™=t dud—du=are [ A +Sin A I s Ay Ma S

—5 < ey @5 (BB )4Lpr 57+ (B B)-Lpr 524,
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0 we have

—5 ¥ e B m5e B -y (B +Lp e 57 5l B B -

Lp-s<—4s(w(B)-Lp=5)-4:Lp= £:5 L=

2 i
ans | yYCl)=-7/9 and w{H@A=—1/3 and w(HA=1/-15

zZ
2@ pe =25 a6, __LJ_ e fr=s 4 2=
Lp=="-Lp-= 18+4 [Lp = 15 4. Lp+ 18-+9 [ 2+1p
=

Solvedans.Lps
{Lp=s‘5'—?-53—2-5?—14-55—?-55+55-s4—4-s3+?2-52

18-53-[53—52+4-5—4]-[52+1]2

. 5?7 5525 14. 2P 7. 57 +65- 5% —4. 5 3-
invLaplacer Ep

18-53-[53—52+4-5—4]-[52+1]
—[1E=-:n:2+12-:|:-cc-s(:::l+12-:n:-sinlix:l—EE-cnshEx:I—EEl-sinh

expand.ans?
—xE__x-GDSEx]_x-EMExJ 7-coshix) Te-sinh(x) cos(,
g = ) 15 15 15

Define matx)=CH+B-x)-sinCx2+(C+h 22 cosCxd
done
4= d< d .
—EE:-'.-E'::::':I——EI::-?E'::-:}:I+4-EE:-7;'::-:3':I—-fl-:-'.-alix:l=:n:-5|n'i b
= =
—de i Sinlx ) (Bsx+A)+cosix ) (D x+C )1 )+d (B x= cos(x)-D¥
eql? | ==a
4-(A+D)-A-2-B-3-C-3-D=A
eql?|x=1
—de [[A+E ) sin( 1 )+ C+0 )= cosi 1 ))+4« (A« cos( 1 )+E-casi 1 ¥
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eql V| x=-1
G« [(A-Bl=sin(1)-(C-D)cos(1))+4- (A= cos(1)1-B=cos( 1]k

2ql 7 | x=-n
-4-(A-B-n+D)+A-B- n+2-B+4-[C—D= n )-C+0-= n+3- D=8
[ 2q17|x=6
eql7|x=1
| eq17ix=-1
| 2ql V| x=-n Ay EaCal
{H=_%:E=_ésc 115 :D_—é

dsolve (™M =Mt dul—du=are Cxr+Sin A I I a Xy W

2 : )
T _x*  wecoslx) xesinfx) coslx]) sing,
{y—ﬁ const(1] 3 z = 5 ;
Answer:
2 .
T _x* wecos(x) xesinfx)
w=g s const( 1) 3 a z
coslx)  sinlx) x+i:-:-5(2 x = const( 2]
13 3 Z
+5h(2-xj-cnn5t(3}—§

5 5y5tem of differential equations

=== rdatsinl ) Wy g el

1 oawgt=Fewy+d e atcosir

3.
s
{ =Zeyy+d e atcosix
{'12}5.'1 ==tia?=2e yatsinix 2

WYL Al
R L
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=g =Eyaltcos ==y’ =g gt 5inCE
Wat'=—2e 5in el

the characteristical egquation is: r'2=El
"

Bry=ra=B % wa,qCxd=CCHlae xie g0

The =econd part of the egquation vwatix» can be
found from:

=2 =inCxiFn

n=H-:sinCx2+B=CcosCxd

n'=H-cosix)-B-=inix2

n=—H-:zintx i —B=-cos{x

* A=Z, B=0

Wa. gl d=Z-sinixl

Walxd=ya, g Lxr+ya,atx)

walxa=(Cy+Ca= a0 - uE;E"x+E- sintxirs CiaCa=ER.
Va'lxa=Cat2ecosix )

we replace in CZ2» and then we hawve:
Wil a=—Ca=2rcosixi—2Z2«Ci—2=Casxr—d=sinx2+sintx >
Wyl as=—2eCy—Catl+2sxa-2ecosixi—3zintxis Ci1xCaER.

ClassPad:
dSolwe (L =2 wy+d e atcosixdy wa'=—wy—Zeatsinix ) Jax k
S =il

{5,-1=—2- cos(x)-3«sinlx)+=x- const( 2 )+constl 1 ), va= ¥

Answer:
Wy=—2ecoslx -2 sinlx +x-const( 2 +const( 1],

o= S sin(x -2 xsconst{ 2 HHconst(2)-2-const( 1)
4
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3.93.2

W REUCTRNEE SN
a'=ge g+ a

WLt gt td

L3 a=ny =y
N B INFLE S PENTE SR

TS IFRNT T
La3axid)

g M= g =0y 5y =15y
g M =Se iy T ey =0

the characteristical equation is:

rE-ge r+7=0
2+/64-28
Fisa= =

F1=7 ¥ %41, 1=IE:_'I'. t

Fa=1 * '_-.-'1.E=E:t
3o lti=Cy-e " T+ta-el, Cy.Ca=R.
WP CEI=Te Oy € TaCae et

Tao find wattdywe place witrand w4*Ct? in egquation
L3

watti=TeCyee Tt et-30y.e T -z ae et
walti=d«Cy-g ' " t-2ra-et, Cy,Ca=R.

ClassPad:
dSolve oy =3 i Htas wa’=8e py+ e ity Ty Wa k2

{5.'1=|Et_"" L constl 20+t constl 10, wa=g- gf-t
-111-
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Answer:

:.'1=|Et_"" L consti2+et-consti 17,

ria=d . et L. const(21-2-eT-const( 1]

F.3.3

) T = wa=g*

_ e Lt X
| Ha' e HaTE Wy by at e

-

) Sru=E T e =Ty
gL

| LBy =iat e e g (g )

(EI%(5)
Vg G yiat=2e €47 F 2T 420 ya-Fe ™= 30 vp-Fe €27 ¥
w11 eyt + 25 pa=—F g <" Tg ™

<411 r+2E=0

-11f121-112
Fis2= =

Fi==7: ra=—4
a, gl a=Cye E_?.xﬂza- E_q" x

—Te gl Eapy
ni=Fsg<" =
=2 gl ®
=4 A gL

1L 2R =T <"
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=75 f=—
S4-A=7# A=gg

€ &na
ne=EBre”"
na'=B- "
na=E-&*

1

d3-B=1 = Eﬂ=ﬁ

_ 2w, 1w
'_-.-'E.E'i.'.'-r.'.':'—Sq_ E +4EIE
T 1

L LE X el TS e - S
alwa=Cy= £ +Ca= € +54 £ +-5|-IE|

e - T S PN S~
VRl i==F i € d«Cas g +2_|" £ +-'-‘I-EI E

E.'-li

To find wytxiame place vadxy and va'Cx2 in egquation
LE

N 1

== N __lll.x— - - _4'.-: L Elx - T
Wil a=="TeCy- € deCar € too e o= e
E"I:i'E_?.x+E.II:E-E_4.x_i.EE'x+
a4
i ¥l
40 5 F
T L L - - S S
Wil a=Cy- € +ZeCar € +Se e
ClassPad:

2.

ASolwe CLyy "™+ 5y =22 :.IE=-E::': 2 Aty e YasE x Famatyigawt

2 x
£ i€ —d» ol
{-:,lj_: = + a0 +£ e, constl 2 1+E e, constl 11, wat
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Answer:

2= x
£ i€ —} —
ot e T const(Z+e T T constl 1],
LeliE ox o—dex
_TeE £ [ cnnst(?j_ﬂ—?-x_ﬂﬂngtclj

I T z
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4. Humerical solutions of differential
equations

Very often equations that describes mathematical
models in engineser analvsis and desine involwe
derivatives and intearals.

Equations that include derivatives are colled
differential equations and those that include
integral=s are called integrated equations or
integro—differential equation=. These equations are
rmore difficult that only the simple one differential
equations.

There are methods and technics for analvtical
solution=s for ordinary differential equations. But
there are =ome that canmot be =olved analvytically.
In that case a numerical solution for ordinary
differential equations are in charge. But this
rmethods has many defaults as well.

It i= e.9. not that =imple,. when it has to be
showen how the change of the constant and
parameters in the egquations affects the result at
the end.

There are of course a lot of softwares that help
finding of these numerical solutions of ordinary

dif ferential equations.

ClassPad has functions for analytical and numerical
solution of differential egquations.
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The =software can be useful to write programs for
solving differential equation=s numerically. It doesn't
matter if the engineer uses ready software for
these =olving or he writes himself the program. It
iz required to understand and e=stimate himselft how
the numerical solutions of differential equations s
achiewved mathematically.

There are two methods for findning these solutions.
The first i= Euler’s method and the second is
Runge-Kutta method.

Euler method

For a differential equation from first order
3—:=f':1:,x3' can be defined a direction field. This
field is such a field that has two—-dinmensional

vector field. where the wector in each point Ct.xd

dx
has slope at "

If we =tart from some =tarting point Ctpaxpr a line
fitpyxp? i5 drawns and it is parallel to the direction
of the field at that point. This line continue to the
point with *—axes tp+th. »—axes in that point is
xpth= Fotpaxp?s which we will call =3. The walue of
the field at that point i calculated and other
streight line i= drawn and another =lope i=s created.
Thi= line continute to the point with z—axis tp+2-h.
Thiz prosses can continue many times and the curwe
in Ctyx) plane that contains the little streight lines
i= created.
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ti=tp+h ry=xgth=fitgs xp2
ta=ti1+h ra=xy+he Fotyawy R
t3=ta+h wr3=xat+h=f{tasxal

tn+:|_=t|-|+|'l .'-I'.'|-|+:|_=.'-E|-|+|'I' 'F':tng Fanp

These equations defines mathematicallys the
simpliest method for integrating a differential
equation from first order, known as well as an
Euler method.

Step by steps the =olutions are built =tarting from
some initial point Ctpaxpgr. For a gwen tp ewvery
different =p will describe a curwve of =olutions. This
curwve for ewvery solutions but ewvery each of them
corespond with a different initial condition.

These =solution curwes. built by the help of this
method are not the exact solutions but only their
approximate one. Between these points the curves
are approximately tangential to the direction field.
When the distance i= reduced, the curves that we
drow will get better and better approximately to
the exact =olutions.

Increa=zing the h in every independent wariable t
together with the straight line is called size of
the step which is later using in the =olution.

Euler method can be zeen throughout Tavlor series.
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dety b2 dfwcey hP d¥mced |
dt 2l gz, 31 3,

xLt+ha=xCti+h-

l=imga these formulas we can on theory to give a
walue to xit? and all derivatives to =0ty as well
a=s compuJdting the walues of x(t+h> of ewvery given
F. If we choose a3 small step b owe will provide 5
better approzximation to the walues of zCt+hr. The
Euler method can be interpretated with Taylor
series as follow:

dx
dt

xit+had=xCta+h. =xlta+th=fotyxn

It =tarts from point Ctpgsxp?s and showing tgtn-h
from tes we hawve:

rity=xitgpthr=x tgi+h= T tgsxpg2
rital=xity+hir=x ity 2+h-fitya i
ritgl=xita+hr=xitar+h=fitasxal

and =o on.

Runge-Kutta method

Compering to the Euler method, Bunge—-Kutta rmethod
i= more exact. But mathematically this method if
rmore complicated.

The method follows the princip of using a slope at
some point in an interval in order to estimate the
average slope of all solution in this interwal.
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The most common usage of this method is from 4th
arders as it is showen below:

E-1=h'f':tng:"‘:n:'
C-E=|'I' 'I:['I:rr"l = hg Hn"‘l 'E-:I_]

Z z2
i:-5|=|'|-f[1: +l-|'| # +l-i:-a]
=Ptz

ca=h= f tp+ha Bptca)

xn+1=xn+é s oyt catd=cgticg?

Geometricallys this can be estimate with the figure
4.4,

The line AB has the =ame gradient as the direction
field of the eguation with thisz point RH.

The coordinates of this line t.—.+%h define point B.

The line AC has gradient equal to the direction field
at this point C.

The lime AD with gradient equal to the direction
field at point © define point D.

The awverage gradient of the =olution in the interwal
Lthatr+t? I then estimate from the found awverage
vwalues of the gradient at points A.B,C and D.

It i accepted to think that suck a process = able
to give an exact estimation of the awverage gradient
in =ome interwval.
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Figure 4.3
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Example 1

The example below shows the closeness of the approximation x, of the following diffe-
rential equation dx/dt=x?/(t+1), x(0)=1, using the Euler method with step h = 0.10 and xs,
which point was obtained using step h = s = 0.05, and the calculated values of x,(t) and

xp(t) for t =0.1,0.2,0.3 ,..., 1.0.

Values obtained are compared with the exact solution x(t):
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¥ File Edit Graph Calc
"53] (e T s i Y R |
| E | C ; -
=3 =b Tl |x—xal b of =
1. HEEEEE 1. BEEEEE 1. BEEEEE H . BEEEEE 1. BSEEEE
B3 E 1. 166888 1. 162588 1.183351 |, 885351 1.157758
. ZEEEEE 1. 216688 1.216828 1.222975 H.@12975 1.277641
H . 3EEEEA 1.332083 1. 342936 1.3535633 H. 823674 1.412381
M. 4EHEEE 1.458489 1.486174 1. SETESS [ENEEEEE 1.565KH5T
B SHEEEE 1.622522 1.649519 1.681997 ., @59455 1. 746216
. GEEEEE 1.798027 1.837985 1.885885 |. 888779 1.943485
H. THEEEA 2. BEEES S 2.837921 2. 138587 . 136424 2.182481
M. SEEEEE 2. 235397 2.318573 2. 425928 H. 196532 2. 457306
[EMELEEEETE] 2.3 13EEE 2. 532569 2. TI215T H, 279149 2. 8148868
1. HEEEEE 2. 2345387 3. 8186845 3. 2585891 . 413564 3. 245763
hd
4 3
[=rz+h X
A3 A.1 o]
The exact solution to a differential equation is X=x(t)=1/(1-In(t+1)).
The numerical solutions X, and X, and their errors are shown in the table.
Below you can see the formulas by which it is calculated each row.
For X,:
W File Edit Graph Calc
(5] B [AC[ = w[oo{iin][E+[FE+[ 5] 84 [[Zh]v]
7 | B | _°© : 5 =
t =b FLE 3] | =—xa| b of =
1. 1. d. 1. 656886
HEEE 1. 16025684 1.185351 H.BR5351 1.15775A
M. ZEEEEE 1. 216HER 1.216R28 1.222975 H.H12975 1.277641
B, FEEEEE 1. 332662 1. 342936 1.3956593 ., B23674 1.4123681
. EEEEE 1.468459 1.486174 1. 587E9E |, @35687 1.565857
H . SHEEEA 1.622522 1.6495193 1.681937 H.B59465 1. 746216
M. SEHEEEE 1.7980R27T 1.837965 1. 886805 ENEENNE] 1.943455
. THEEEE 2. BEEES S 2. H837921 2. 13E5ET . 136424 2.122481
. BEEEEE 2.235397 2.318573 2.425928 |, 198532 2. 467968
[EELEEE] 2.5138838 2. 632569 2.792157 H.279145 Z2.8145888
1. BEEEEA 2. 845337 3. 815043 3. 23585891 H. 4135684 3. 245763
had
3
[FEz+h-E2 2/ cRz+ Ly %
Bz 1.1 o]

For Xy: visible that xy is used in smaller step (s = 0.05), values are calculated in the last
column:
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¥ File Edit Graph Calc
(3] & [AC|=vlodilh][E-[T[E+[ 7] 34 [v]iEii|v]
| A | E C ; -
t =3 =b Tl |x—xal b of =
B, BEEEEE 1. HEEEEE 1. BEEEEE 1. BEEEEE H . BEEEEE 1. BSEEEE
E. 188888 1. 166888 1.183351 |, 885351 1.157758
. ZEEEEE 1. 216688 1.216828 1.222975 H.@12975 1.277641
H . 3EEEEA 1.332083 1. 342936 1.3535633 H. 823674 1.412381
M. 4EHEEE 1.458489 1.486174 1. SETESS [ENEEEEE 1.565KH5T
B SHEEEE 1.622522 1.649519 1.681997 ., @59455 1. 746216
. GEEEEE 1.798027 1.837985 1.885885 |. 888779 1.943485
H. THEEEA 2. BEEES S 2.837921 2. 138587 . 136424 2.182481
M. SEEEEE 2. 235397 2.318573 2. 425928 H. 196532 2. 457306
[EMELEEEETE] 2.3 13EEE 2. 532569 2. TI215T H, 279149 2. 8148868
1. HEEEEE 2. 2345387 3. 8186845 3. 2585891 . 413564 3. 245763
hd
4 3
[=F2+s-F2~2/ (R2+s+1) X
C3 1.1825 o]
For the exact solution:
W File Edit Graph Calc
(5] e [ [= oo iRl e 5 o 2 (B
| i | B | E > G

t xa xb |x—xal b of =
ENEEEEE] 1. 1. A, 1. B58866
H. 188866 1. 188866 1. 182566 H. 885351 1. 157756
B, ZEEEEE 1. 2186866 1. 21628 1. 222975 H.B812975 1.277641
B, ZEEEER 1. 3328688 1. 342936 1. 355683 B, 823674 1.412361
EREEEEE] 1.4658489 1.486174 1. 587826 B, B33667 1.565857
B, SEREEE 1.622522 1.649519 1.6819587 H.B59455 1. 748216
B, GEEEEE 1. 798827 1. 837965 1. BBEEES EN:EERRE] 1.943465
B, THEEER ENEEEEEE] 2. 857921 2. 13E5E7 . 138424 2.192481
EREEEEE] 2.235397 Z.318573 2.425928 B, 198532 2. 467268
EREEEEE] 2.513865 Z.6325689 2.792157 H.279143 Z.8145888
1. BEEAEE 2.845387 3.8186048 3. 258891 H. 413564 3. 245763

[EL7ii-IncAz+Loy
D3 L.105551224

Bl

For the calculation of each line it is taken from the previous value:
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¥ File Edit Graph Calc

BRI e e e
| A E | C

& [rizii]v]

t xa b z0td | x—=al b of =
B, BEEEEE 1. HEEEEE 1. BEEEEE 1. BEEEEE H . BEEEEE 1. BSEEEE
E. 188888 1. 166888 1. 162588 1.183351 |, 885351 1.157758
H. ZEEAER 1.216HEA 1.2160238 . =] |, 812975 1.277641
o, 380808 1.332805 1.342936 1.355683 . 023674 1.412361
H . EEEEE 1.468459 1.486174 1. 58 TE9E ENEEEEEE 1.565H57F
B SHEEEE 1.622522 1.649519 1.681997 ., @59455 1. 746216
. GEEEEE 1.798027 1.837985 1.885885 |. 888779 1.943485
H. THEEEA 2. BEEES S 2.837921 2. 138587 . 136424 2.182481
o, SA0E08 2. 235397 Z.318573 2. 425928 o, 1968532 2. 457980
[EMELEEEETE] 2.3 13EEE 2. 532569 2. TI215T H, 279149 2. 8148868
1. BEEEEE 2.845387 3. 8158043 2. 23585891 H. 413584 3.245763

[
[=1sc1-1IncAd+10y

04 1.,22297464

Bl

[X-Xa| shows the error which we have worked:

W+ File Edit Graph Calc

3] & [ACI= >looiin|[E+ 5[5+ 7] 4 =[]+
I A : I C '
t xa xb wity |x—xal b of =
ENEEEEE] 1. 1. 1. 1. B58866
H. 188866 1. 188866 1. 182566 1. 185351 1. 157756
B, ZEEEEE 1. 2186866 1. 21628 1. 222975 1.277641
B, ZEEEER 1. 3328688 1. 342936 1. 355683 H. 82 1.412361
EREEEEE] 1.4658489 1.486174 1. 587826 B, B33667 1.565857
B, SEREEE 1.622522 1.649519 1.6819587 H.B59455 1. 748216
B, GEEEEE 1. 798827 1. 837965 1. BBEEES EN:EERRE] 1.943465
B, THEEER ENEEEEEE] 2. 857921 2. 13E5E7 . 138424 2.192481
EREEEEE] 2.235397 Z.318573 2.425928 B, 198532 2. 467268
EREEEEE] 2.513865 Z.6325689 2.792157 H.279143 Z.8145888
1. BEEAEE 2.845387 3.8186048 3. 258891 H. 413564 3. 245763
bl
[
[=absiD4-B4) WX
E4 B.81297454835 o]
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¥ File Edit Graph Calc

L e e E T EEE
R R .

z0td

t x5 b

| x—xal

. BEREEE 1. BEEERE 1. BEEEER 1. BEEEEE . BEEEEG 1.0

. 18aaEE 1. 188866 1. 182560 1. 185351 B, 8685351 1.

H. ZEREER 1. Z21EEER 1. 21628 1222975 H.B@12975 1.277641
B, IHEE6E 1.332863 1.342936 1.355683 B, 823674 1.412361
. JEEEEE 1.4e2429 1.426174 1. SETEDE ENEEEEN 1.0E5E57
. SEEEEE 1. 622522 1.645519 1.e281927 B 859465 1. 74821
B, cBaaEE 1792827 1227965 1.28e2605 |.e22773 1.942465
H. TEREER 2. BERESE 2.857921 2. 13R56E7 H. 138424 Z.182481
B, SHEE6E 2, 235397 2.318573 2. 425928 B, 1968532 2. 467968
. SEEEEE 2.312602 2. 62320689 2. 792157 H.279149 2.214226
1. BEEEEE 22453287 2. 812042 22532891 8. 413564 2. 240752

[ ¥
[=C2+s.C2 2/ CRZHLD %
Fz 1.65 [
Example 2

The problem has been solved using the Runge-Kutta method. As already mentioned, the
method is more complex to implement, but is more accurate than the Euler method.

For example is taken non-linear differential equation

4y’=x*+y*, y(0)=1. The values for x;, X, and x5 respectively are 0.8, 1.6, 2.4 (h=r=0.8).

¥ File Edit Graph Calc

| 4 vt ]

E4 Y3 cl o2 o3 cd

B, HHEEEE 1. HEEERE ENPEEEEL B, 274888 B, 298554 B, 461166
. S0a8608 1.298369 @, 465132 B. 736739 0. 558297 1.433353
1. 668868 2. 158365 1.437192 7. 446693 3. 876973 £.617946
2. 4HEEEE 5.3324552 5.543489] 16.982545] 329.577791[ 485.471789

I
-
BIRE
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As clearly seen to find any single point is necessary first to find the constants c;, ¢, ¢3
and c4. Each of them is using the formulas described above.

[ File Edit Graph Calc
[52] & [AP]=v[boliblv[E-[ o5 88 [[iEhv|
| B |t | T

x »a L cl | cf &3 cd
6, Boapns] 1, ooooon TR B, 274808 6, 208004  0.461106
B.500P08] 1,29006d| B.465152] B.7o67o9]| B.0o@2dy| 1. 40803
1.EGREAE| 2. lo00es| 1.457192| 2.446693| 3.07E979] E.61704e
Z. 400008 5. 3adune|  €.845459| 16.98eodn| 39,5779l 489, 471763

¥
[=r- (AZ-2+E2422 74 P
CZ B8.2 0]
¥ File Edit Graph Calc
I - e T I e e Y P
R SR 5

= Y3 cl o3 cd
B, HHEEEE 1. HEEERE ENPEEEEL B, 298554 B, 461166
. S0a8608 1.298369 @, 465132 0. 558297 1.433353
1. 668868 2. 158365 1.437192 7. 446693 3. 876973 £.617946

2. 40EEEE 5.3324552 5£.54348%] 16.902545] 329.577791 | 465.4717R9

[=r= CEAZ+r/ 20 2+ (BZ+C2/ 2020 /4
D2 8.274

Bl
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¥ File Edit Graph Calc

L e e E T EEE
A E R - .

= Y3 cl o2 cd
B, HHEEEE 1. HEEERE ENPEEEEL B, 274888 5 554 B, 461166
. S0a8608 1.298369 @, 465132 B. 736739 0. 558297 1.433353
1. 668868 2. 158365 1.437192 7. 446693 3. 876973 £.617946
2. 4HEEEE 5.3324552 5.543489] 16.982545] 329.577791[ 485.471789

4 [
|=r CCAZ+rA 2272+ (BZ+D2/ 207207 FES
EZ B.2965538 |
W+ File Edit Graph Calc

3z] & [AC|=I~]oliin|[E+] 5[5+ 7] 4 |=[24]+]
" ] : : 5

z ¥a cl o CE]
. BEaEaE 1. BEEEEE . 2866058 A, Z74Ea0 . 298554 B.461106
H. BEEEAE 1.298369 H. 465152 H. 736759 H.35R297 1.435353
1. 6EEEEE 2. 156365 1.437192 2. 4465693 3. 876973 5.617946
2. 48EEE5 0. 234052 £.2423429] 16.9@2545] 29.5777I1| 4685.4717E9

[zr- CCAZ+r3 "2+ (BZ+EZ2 2274
Fz B.4e11832221

Bl
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¥ File Edit Graph Calc

& [rizii]v]

33] B [&2|= v]odilblv]E[5[E+ 5
| A | [} | C

i)
=]

1 % Ba cl o3 o4
p . BEEEEE 1. BEEEEE H. 2EEEEE . 2T4EEE ., 29E554 H. 461168
BEEERE]  ©.465152]  B. 96759  @.eooea7|  L.43aas
1. &6EEEEE 2. 156385 1.437152 2. 446693 3. BTESTS 6. 517946
2. 4HEEER 5. 334552 5. 5434589 16.962545] 39.577791 | 465.47176H9

4
[EBZ+(C2+2.D2+2.EZ+F2) /6
E3 1.298358564

Bl

For greater accuracy and precision, the task can be solved by using a small step (not here
as h=0.8).

The values for x are in 0.05, reaching a value 2.4:

[~ File Edit Graph Calc [~ File Edit Graph Calc

B, 3E8EE
B. 35888
B, 48888
B. 45888
B, SEEEE
B. SoEEE
B. 6RBEE

(A

v
ASE 2.4 ]

Then each of the constants are calculated consistently with other step by step starting
from 0.05 and lead it step 0.8, as shown below.
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¥ File Edit Insert Action

Gzl B &l _
Pr? = When we work with, these values
Define foewi==g can be set in the Main or eActivity
B 15h dane and can be used in SpreadSheet
a.1 application.
B, B5%s pp
8. 85
B, 24P
@, 2
B, S4r
a.
B, dm
@, 4
Ala Decimal Feal Rad g
“ File Edit Graph Calc
132l & |A¢|=]rloclinlv] 5T 8[| # [z~
| G H 1 J | K | L | M | M | i
BWlcl with s|c? with s [c3 with s [c4 with s[cl with h [c? with h [c3 with h [c4 with h
@, S H.012E6 H. 61267 H.@12285 H. @258 H.HZ2569 H.\2571 H.B2655
0.81225 H.A1265 A, A612085 H.@1328 H.BZ655 H.\02T55 H.B2758 H.@2874
0.81322 H.01352 A, 61352 H.@1372 H.B2874 [EMEEET H.Az016 H.82159
d.@1372 H. 01466 W, 61487 H.@81427 H.@Z2168 MR . B22E2 H.@3512
A.81437 H.614E9 H. 601478 H.@1584 H.@2512 [EFEERE] H.B3729 ENEERE
4. 81584 H.601548 H. 601541 H.81538 H. B3935 H. 64201 . 04263 H.84477
M. 81588 H.H1GZ1 H.A1621 H.B1665 H. 684477 H.H4TES H.A1477T H.@5693
H. 81665 H.6171@ H.H1711 H.B81753 H.B5E33 H.H54354 H. 5445 H.@5814
H.81753 H.H1863 H.H1816 H. 81863 H.@5814 H.HEZ11 H.HE2E24 M. B5653
0.81263 H.H1918 H. 61913 081377 . BEET3 H.67113 H.\7129 H. 87628
B.81377 A= ENEFEEE] H.@z182 H.B7e2S H.HE152 H.AE17E H.@2733
a.621682 H. 02168 A, 62169 0.B2238 H. @272 [EEET] [FM-EEEE] G, 1868
0. @223 H. 02218 W, B2211 R W, 16668 H. 168777 H. 16267 H.115232
. @238 H.B24e4 . [B2465 B, 682547 H. 11522 H.12419 H. 12456 . 13365
H.82547 H. 026031 . 62632 . 82728 H. 13364 H. 14346 H. 14393 . 15465
H.B272E H.H2811 H.H@Z2212 H.@Z987 H. 15464 H. 166ET H. 16687 M. 17964
ENFEET H. A36EES ENEEEE H.@3183 H. 17963 H. 19355 H. 19433 M. 2ASTZ
663183 H. 63215 H. 63217 H.B332E6 H. 26378 H. 27658 H. 22762 H. 24643
0. B3328 [FEEET] . B3442 H. 83561 . 24641 H.26719 H. 26260 . 292688
0. 63561 H.A2683 A, B2625 H.@3213 W, 29197 H. 21865 A, 220606 H. 324973
0.63213 H. 063945 FNEEEN ENCEEEE] H. 24967 H. 38312 H. 38591 A, 42452
. B4E34 H. 04226 A, [64229 0. 84378 A, 42453 A, 45252 B, 47275 0. 52467

==

G2 B.68125

For easier data entry and formulas outside SpreadSheet application declare a function

with its variables. Every time you want to enter the equation 4y’=X2+y2 is not enough to
write out f(X,y). As indicated above table it is shown how the calculated ¢, ¢, ¢; and ¢4

with step 0.05 and 0.1 respectively, s and h. It is seen that to find any formula used to

disclose a function f (x, y). A2 and F2 are x and y.

-128-




[ File Edit Graph Calc

[5z] & [API=Trlen - 5+ | &4 =[5 ]
I G | 1 | J | K | L | [ | M |
[llcl with s[cZ with 5 [c3 with 5 [c4 with 5[cl with h [c2 with h [c3 with h [c4 with h
B. 81258 H. 81266 H. 81267 B.81235 H. @258 H. @236 H.B82371 . 62655
H. 81235 H. 31365 H. B132E5 H.H1322 . 2655 H. 82755 H.B2758 H.B2374
H.81328 H.H81352 H. 81352 H.H1373 H.H2874 ENEEEER W, 3816 ENEENGE]
H.H@1378 H. 81466 H.81487 H.81437 H.@316A H. 83327 H.BA3352 H.H3518
A. 81437 H.B14569 H.B8147H H.@15A4 H.A35138 H.B37Z3 H.A37Z9 H. 3955
H. 11584 H. 81540 H.B81541 H.@1530 H.H@3955 H. 84261 H. 84265 H.\84477
H. 81538 H.81621 H.81621 H.81665 H. 84477 H. 84768 H.84777 H.\@5893
B. 81865 H.8171@ H.81711 H.81739 H. 85833 H. 85434 H. 85445 H.85314
B.81739 H. 81369 H.81216 H.81363 H.85314 H.B6211 H.B6224 H.HEES3
H. 11363 H.E31918 H. 81319 H.\@1977 H.HERS3 H.B@7113 H.@ 7129 H.H7E26
B.11977 H. 82838 H. B2839 H.H2182 H.H7E25 H. 83158 H.E8317e ENEEREE]
H.B2182 H.H2168 H. 82169 B, B2238 H.H3732 ENEET EN-EEEE! H. 16868
H.H2238 H.B8231R H. 82311 H.B2385 H. 18854 H. 1A77T H. 1ABET H. 11583
H. B2386 H. 82464 H. 82445 H.B2547 H. 11582 H. 12419 H. 12456 H. 13365
. 82547 H. 82631 H. 82632 H.@2720 H. 13364 H. 14346 H. 14393 H. 15485
B E@2728 H.82211 H. 82212 H. 82987 H. 15464 H. 1EEZT H. 1&EET H. 17964
. 82987 H. 83885 H. 83887 H.831839 H. 17963 H. 19355 H. 19433 H. 28972
B. 83189 H. 83215 H. 83217 H.B3326 ER-ENE] H. 22658 H. 22762 H. 24643
ENEEEF [EMEEEET H. 33442 . 03561 H. 24641 H. 26719 . 26260 B, 29260
. 103561 [ENEEEEE AR H.E3813 B, 29197 H. 31865 H. 32866 B, 34973
H.H3813 H. 833945 H. 83947 H.B4884 H. 34967 H. 38312 H. 38591 H. 42462
H. Bd4B34 H. 84276 H. 84229 H.B437A H. 42453 H. 45359 H.47275 H. 52467

cFoA2ts, P42

J2 B.81284992186

Each subsequent value of the constants is taking value from the previous row.

[~ File Edit Graph Calc

A ]
B.61328

B.81372

B.681437

H.815684

B. 61528

B. 81665

B.681753

B.61863

B.81377

B. 62182

] Bl Brt] ol o] und fnd Buovd el i) ] fuca] fur]

B. 82238

=fUAZF32

[~ File Edit Graph Calc

c2 with s
H.H1266
. H1365

o | o f | | o
=

5]
5]
5]
5]
[5]
5]
G.
5]
5]
5]
5]
5]

L B2238

=0 ol Rl und Bund Foed Rued i) fuon) fucad Fuoed Fun] Fu]
] ] o] und Bund Foed Rued i) uon) fucad Fued ] Fu]

FCRSE, FOE )

G3 B.81284997397

Gd B.8132764833

GoE B.4316324453

The values of the points calculated using these constants.
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1.925?3

1.83925

1.85332

1.686881

1.683342

1.689364

1.11675

1.1:323485

1.154E84

1.17442

1.19612

SF2+EG2H2- HZ+2- T2 )20 ||

| ¥ File Edit Graph Calc

| “ File Edit Graph Calc

E-EHHMHE
I

1.82573
1. 683925

1.85332

1.06881

CB3342

-EECE]

11673

. 13485

< 15484

1.174432

1.19612

SFE+EG3+2- H3+2- I2+J30 | ]%

E-EHEMHE

1. BBBBB
1.81267
1. 825?3

F3 1.812668711 ] Fq4 1.823723433 ] F3 1.839247511 ]

The same is done for the remaining steps p, r and m.

Lv File Edit Graph Calc

E-Emﬁlmu E=-+ ='?° E=+ M IvIE§§+le

| L [ H | [5] | F |

a.a5588 9.135592 3.95?91 lc1 with p_|c2? with p_[c2 with p_|cd with p
B.059%6|  @.0000s | 6. 0621 [CEEEEEE H.05083|  B.809819]  B.69740
B.06443|  B.06495| B.00o02] @ 8574? H.0600%|  B.@0oa4|  B.676a0
B.0E0Z5| B.BE031| B.BF105|  @.@7656 B.07005|  B.A7924]  B.A09950
B.07449| @.67496| B.077oZ]  @.05904 H.168149| ©6.16273] HB.11629
B.0CHZH|  B.@oHZ7|  O.Posed|  @.11628 H.1o2oH| B, 15260  HB.159202
B.05643|  B.@8602| B.99981]  @.15291 B.17422| @B.1/986] @.20123
B.09526| B.09336| B.99697|  @.20128 B.23038|  B.73280]  B.26780
B.1B676| B.10057| B.106953]  @.2672% B.36726| B.31123] H.59939
B.1090s| B, 10915] B.11lso9]  @.59926 B.41608|  B.42260] @, 40060
B.11518| @.11022| W.17221] @.49261 H.07¢72| B.989979] @.69991
H.12004| @.12091| B.15496]  @.69904 H.0ot4s|  B.oodro|  1.@o@ad
H.15969| @.13999] B.1459%]  1.84983 1. 296a1 1.35286] 1. 7o@es
B. 15243 B.15266] B. 15952
. 16679 H. 167ET H. 174584 [c1 with m [c2 with m [c3 with m [c4 with m
B.15009| @.15843| B.19725]  @. 666 B.11425| B.11570]  @.14649
B.28171| B.0621Z| B.21927| @.14@71 B.17692| @B.10170] @.20248
B.27313| B.72363| B.20007|  @.23257 B.3801Z| 6.38979] @966l
B.29737| B.24098| B.26227|  B.48291 B.52214| B.94524]  B.71947
B.Z7i05| B.27773| B.20298]  @.71593 B.950%6|  1.@i444] 148178
B.51105| @.21292| B.gs149]  1.39866 1.97397|  2.28a72| =.40s12
H.052a4|  B.0o099|  B. 37660
d. 48136 B. 468353 B.43168|c]l with v |2 with r [c3 with v |c4 with ¢
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[ File Edit Graph Calc

(33 & [AC[Erlooniv[E [ 5[] & [w[Zhv]
| J s | L [ | M

0. @3522 B, B5592 H. 605731 [l with p [c2 with p |c3 with p_|cd with p
. 85995 B. BEEEZ A.B6219 . BSEEE H. 853283 §.85319 A. 85746
ENEEEE] H. B5442 N H. 85747 H. HE264 ENEEEEE ENEREES
B, BE925 H.B5931 H.B8T1E5 ENEREEE ENEREER ENCEEEE EN-EERE]
H.87449 H. 87455 H. 87732 H. 85954 H.1681459 . 18223 H. 11629
H. 85628 H. 83627 H. 88329 B. 11628 H. 13258 H. 13368 H. 15252
A. 85643 H.B3652 . 85951 A. 15251 H.17422 6. 17586 H.28123
8. 89326 EN-EEE] EN-EEEN B.28128 H.236038 H.23288 H. 26733
. 1B67E . 18687 . 18485 A. 26728 6. 38726 6.31123 . 35939
. 16963 6. 18915 A. 11355 A. 35926 . 41668 . 42265 . 49308
H.1181% H. 11832 A, 12321 H. 49281 B.57773 H. 58972 H. 59991
H. 12834 H. 12851 H. 13396 . 69934 H. 893645 H. 95875 1.856039
H. 13969 B. 13989 H. 14599 1. 849683 1.29661 1. 35286 1. 73R85
. 15243 H. 15266 H. 15952
H. 16673 H.167ET H.17454 [c1 with m [c? with m |[c3 with m [cd with m
@. 183289 . 18343 5 H.11425 6.11575 . 146849
8.26171 B.28212 6. 17692 6.18125 A. 23248
B.22313 B. 22363 H.30612 H.38979 A. 48261
@.24737 . 24858 6.52314 5. 54534 0. 71947
. 27783 B, 27779 EREREER 1.681444 1.48178
H.31135 B, 31232 H.33149 1. 39866 1.97357 2.26372 2.453212
H.35234 H. 35359 H. 37566
A, 48138 H. 4H353 H.431568 [cl with r [c2? with r |c3 with r |cd with r

=m-f{AZ, C2}

k42 B.1

N File Edit Graph Calc

EH IR B e N e e A 2

| | | J | | L [ | H
H. 89326 H. 89336 H.B9537 H.28128 H. 236838 H.23288 H. 26733
8. 18675 H. 18887 . 18425 H. 26728 . 38726 6.31123 H.35939
. 16963 6. 18915 A. 11355 A. 35926 . 41688 6. 42265 A. 493208
@.1181%8 6. 11832 A. 12321 A.49281 6.57773 6.589739 A.69991
B, 12834 B, 12851 . 13396 A. 69934 . 83645 . 366075 1.85632
H. 13969 H. 13989 . 14599 1. 84963 1.29601 1. 35286 [IEEER
. 15243 B. 19266 B, 15952
4. 16673 H. 16767 H.17454 [c1 with m |2 with m |c3 with m |[cd with m
H.18389 H. 18343 H. 19228 H. 18668 H.11425 8. 11575 . 146439
B.268171 H. 28212 H. 21227 H. 146871 . 17692 6. 18125 H. 23248
B.22313 H. 22363 H. 23537 H. 23257 H. 38612 H. 368973 H. 48261
@.24797 H. 24858 B. 26227 B. 48241 6.52314 6. 54534 B. 71947
8.27783 6. 27772 A. 293298 A. 71853 . 95396 1.81444 1.48178
8.31135 6. 31232 A.3314%2 1.39866 1.97357 Z.28372 3.453212
B.35234 . 35359 . 3TEER
. 48198 . ARE52 H.42162 (¢l with v |2 with v |c3 with v |cd with r
B, 4E2EE B. 45483 B. 49978 H. 27488 H. 29055 A.46111
H. 46515 H. TSETE EMEEEEE] 1.43535
1.4371%2 2. 44668 3. 87598 5.61735
=r«f{AZ,B22
K58 8.2
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BN A = Mo e vl Y
Ao ; C .

I : | 3 I F | & | H | I
x va for B.8|va for B.4|va for 8.2 |va for 8.1 va for B.05 [cl with 5/c2 with 5 |c3 with s
a.88 1.88688 1.886868 1.886888 1.886888 1.88888| &.01255 . 81266 B. 81267
H. 558 .. 1.81267] B.B81285 . 813285 H. 8132685
. 168 .. 1.82573] B.81328 H. 81352 H.@81352
H. 156 . 1.83925] B.81378 H. 81485 H.814687
H. 268 .| 1.85332 1. 85332 1.85332] B.681437 H.81469 H.81478
H. 258 . 1.85861| A.61584 a.81548 H.81541
CREEEN 1.88342 1.85242] B.01586 @.81621 B.81621
A, 35@.. 1.89264| B.B81665 @.81718 B.81711
CREEEM 1.11675 1.11675 1.11675 1.11675] B.B81759 8. 81289 B.81818
H. 458, 1.13485] B.081863 H.8191%8 H.@81919
EREEEM 1.15484 1.154684| B.81977 H. 82638 B. 826329
H. 550 1.17443] B.B82182 H. 82168 H.B2169
H. 6HE .| 1.19612 1.19512 1.19612] B.82238 H.82318 H.82311
H. 656 .. 1.21924] B.B82386 H. 82464 H. 82465
. 7EE .. 1.243289 1.24289] B.82547 B.82631 . 82632
6. 750 .. 1.27821| B.82726 B.82811 B.B2812
1.29837 1.29834 1.29834 1.29834 1.29834| 8.02967 O, 8z685 EN-EEEN
1.32848| B.6318% B.83215 B.83217
1.36@57 1. 366057 B.B63326 ENEEEET] . 83442
1.39499] @.B83561 ENCEEEE] B.B3IEES
1.43184 1.43184 1.43184] B.683813 H.83345 H. 83947
1.47138] 8.64854 B. 84226 H. 84229

[FEZ+iKZ+2- L242- MZ4+MHZ) /6
E4 1.6825725434

¥ File Edit Graph Calc
I B I C I ] I E I F [ & | H I I I
. 1.27821] B.82728 B.82511 H.82812
1.29837 1.29834 1.29834 1.29834 1.29834| 6.02967 H. 83685 H. B36687
1.32848] B.631A8% HA.83215 H.83217
1.366857 1.366857] B.83326 . 83448 . 83442
1.39499] B.63561 ENEEEE] . B3IEET
1.43184 1.43184 1.43184| B.63813 @.83945 B. 83947
1.47128| @8.64654 . 84226 B. 84229
1.513259 1.51259] B.84376 . 84529 H.B4532
1.55896] @.684691 ENEEERES H. 84859
1. 68758 1.668745 1.68742 1.6874%9] B.685834 H. 85285 H.85211
1.65959] B.685395 H. 855858 H. 85592
1.71558 1.71558] B.685791 ENEEEEE] H. BEEE3
1.77552] B.@&6219 . 85443 H. 85448
1. 54088 1. 34008 1.840608| B.06652 . 85225 EN-EEEN
1.28928| B.687185 @.87449 B. 87456
1.98384 1.28384| B.B7732 . 2628 B. 83627
Z.B85416| B.@8329 ENEEEEE] ENEERA
2.158808 2.15864 2.15861 2.15868 2.15868| A.08921 ENCEEFES B. 89336
2.24394] B.B89697 O, 1BE7E ENTEEN
234473 2.34479]  B.18485 H. 18983 H. 18915
2.45392] B8.11355 a.11818 H. 11832
2.57221 2.597221 2.597221] B.12326 B.12834 B, 12851
Z.7aEe3| B.13395 @.13969 B. 13989
[EE48+(K25+2: L25+ 2 M25+MN251 /6
ESH 5.363815206
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(5= B [API=rleln - 5+ | &4 [ [iE]
| A | ] C ] E F G H 1
2.15888| 2.15064 2.15661 2.156868 2.15068| §.88521 ENEEERS EMCEEES
Z. 24304 B.89697 ERFCERE @, 1O6Z T
2. 24479 234479 0. 18485 ERFCELEE] [, 10915
Z.453092 | B.1ld00 B, 11018 [, 11032
. oreel F.oreZl .52l | H.1zae. [, 12004 A, 17651
F. A6 | H. 15999 A, 13963 M EEEE]
7. odaad Z.od054 | @. 14998 A, 10243 0. 15266
Z.09316| B.19902 @, 16673 B, 16707
3. 16B1E 3. 16018 3. 16017 3. 1e017| B.17d48a EAFEEEE] [, 12343
. 34E03 | B.19227 B, 20171 A, 20212
3. 54506 354056 B. 21226 W, 22213 [, 22363
R I EEED) B, 24737 [, 24058
4. 81703 4,014 .01 /54| B.26226 B, 2782 B 27779
4. 79515 H.29009 A.allos 0. 31202
EN ] . E60A730| H.50146 A, Bozad [[MERERE]
4. 9EREE | B.37663 @, 46196 @, 0353
5.334993| 5.3612%7 5.36367 5.3638Z| ©.43163 0. dEZEE A, JE4E3

[EE45+K25+2- L25+2- M25+M25 /6

ETH 5.363815205

¥ File Edit Graph Calc

| ] [ | [ E F G H i
| 2.156886] 2.15064 2.15061] 2.15068 2.1568608| B.00951 B.E9526] @.A9356
F.7d59%4| B, @9e9T B. G676 | @, LEEGT
F.oddTS F.o4d79| B, lades ERCELE] N
Z.45592| B.11395 B.1151%| @.11532
Z.57221 Z.5vZ21 Z.o7Z21| B. 12320 B.1Zoe4|  @. 12801
Z.7EEET| B, 1395 B. 13969 | @, 15989
Z. BdEad Z.5db0| B, 14998 B. 10243 @, 15266
Z.99316| B, 19902 B.16679| @, 16787
3. 16016 3. 16015 3. 16017 3. 160817| B, 17403 B.10009| 6. losds
F. 4o | B, 19227 ENEI! EREER
R R N B.oeols|  @.re06m
E. TR0 | B, Zo0an B.2d79r|  @.ednon
4. 81753 4. 81754 4.81754| B. 26226 B.2 70|  B.27779
4.29515| B. 29389 B.51155| @.31752
4. E07ZT 4. 6B750| B, 33146 B.oo2ed | B. 00809
4. 9EHES | B. 37EES B.40190| 6. 40508
5.334999|  9.36122 5.36367 B 5.36382| B.42l63 B.46266| @, 46403

[=E4E+(K25+2- LZ5+2- M2Z5+N25) /6

ESE 5.363815206
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5. Create programs with ClassPad

ClassPad allows the creation of programs when it is necessary to perform the same
calculations repeatedly. Use the Program Application. The menu contains a Program
Editor for entering data and a Program Loader for loading existing programs.

-m-ﬂ-@ﬂ. AT = TE ER S automatically when loading the

atts M

Folder : [main - application.
Mame: P - The Program Editor is used to
Parameter:[ ] introduce new programs or to

edit existing ones.
With N turns out to be the type
(mth[abe [cat [ 20 |EEIE] of file that you create.

[zlefilo]<[o], [plxlvlzlzl#ll It can be a text (T),

oa [in [ T H Ll programming (N) or defined
¢ | ¥ 1=l [1][2[%][*[-]| function file (F)
L[ 3 [i=a]q ans

TRIG | EALC JoFTH '-.-'FIR EXE
FProgram Loader ] Froaram Editor fm

In the next field parameters themselves if they occur. And yelling at each program, if
such a set must not be missed.

¥ Edit Run  Edit Ctrl I/0 Misc ﬁ"
-Iﬂ-ﬂ-@ﬂl EN SIS =T A EEY R
Folder:main - attd [M[h,

Name: ETTEI -

Parameter:

mth |abc | cat | 20 --- mth |abc |cat | 20 ---

zlefilo]<[o], [slrlvlzlzlel) ([zleli[a]<[], |>|x]viz|z]#]
log [ In | © JE[7[e]2]"]= log [ In [ T JE[7]=]2][]=
=2 | e* [ =t Ji[4]5]&]=]= =2 | &% [ =t Ji4]5]e]|[=]+
EE le||123+— A IxI||123+—
HENE ans L1 [ f ans
TRIG | CALC JoPTH '-.-'FIR EXE TRIG | EALC JoFTH '\-'FIR EE
Frogram Loader gm] | |Program Editor o

Example, establishing a program rests on the basis of the Runge-Kutta method. Made
program, which introduces the steps and points xj, ..., X,, which the program calculates
the numerical solutions of differential equation 4y’=x"+y".
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“ Edit Ctrl IO Misc

|

B[ D [=[E [ ¥ [E]wm] s paEE:

s MIFy [

Delvar xsy

seqiB,y,8,n-1,1+Listy
seq(dycaBan-1y123ListC]
seq(yca8,n—1,105ListC2
seqiBycaByn—1,133ListC3
seq(@ycaB,n—1,123ListC4
agprox(seq(x, xy By in=12*h, b 2*Listx

12w

1#Listwl1]

For 2%k To n Step 1

Listxlk—113x

approxth®f Cea v d3ListCLLk]:ListC1LkIFCL
approxlhEf (e 2, w01 2003 ListC2 0k ] :ListC2k1#C2
approxt hkEf (et 2, w02/ 2003 ListC30k ] :ListC3[k1$C3
approxlh#f Cxth, W+HCED d3ListC4Ck]

approxl e {ListC] [k1+2#ListC2 [k1+2%ListC3lk1+ListC4lk] 2 /G0 3y
approxly rFListwlk]

Mext

DispListEditor

Program Editar

Code:

DelVar x,y

seq(0,y,0,n-1,1)=Listy
seq(0,c,0,n-1,1)=ListC1
seq(0,c,0,n-1,1)=ListC2
seq(0,c,0,n-1,1)=ListC3
seq(0,c,0,n-1,1)=ListC4
approx(seq(x,x,0,(n-1)*h,h))=Listx
1=y

1=Listy[1]

For 2=k Ton Step 1

Listx[k-1]=x
approx(h*f(x,y))=ListC1[k]:ListC1[k]=Cl1

approx(h*f(x+h/2,y+C1/2))=ListC2[k]:ListC2[k]=>C2
approx(h*f(x+h/2,y+C2/2))=ListC3[k]:ListC3[k]=C3

approx(h*f(x+h,y+C3))=ListC4[k]

approx(y+(ListC1[k]+2*ListC2[k]+2*ListC3[k]+ListC4[k])/6)=y

approx(y)=Listy[k]
Next
DispListEditor
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(AP e el [ ] e R

e EN

Folder : [main

Marne: [att3

Farameter:[g, 3,3

Listx Listw ListC1 ListCZ2 ListC3 ListC4
1#1 Gl [£] [5]
2 . 1.29837 8.2 B.274| B.29855| A6.46111
3 1.6 2.15982( B,45515| B.7I6TE B.25632( 1.43535
5
&
7
2
El
18
Calk
4]
r 11=|@
Rad Autoc Standard
[ Edit Calc SetGraen _ |
PP X B [ o ol et
Folder: [main [-]
Marme: [att2 [~
Parameter:[3.4,7 |
List= Listy ListCl ListC2 ListC3 ListC4
1 1 Cl [&] ] [2]
2 . 1.11673 B.1 @.11425] @8.11573| G.14849
3 B.8] 1.29834| B.14871( O.17692| @.18125| B6.23242
4 1.2 1.6875 9.23257| @.30812) 8.328972( O0.48261
5 1.6] 2.15864| B.48241| A.52314] B8.54534| B.71947
& 2 3.166816| @.71853| @.9339¢( 1.81444| 1.46178
; 2.4 5.36122] 1.39866( 1.97357| 2.28372| 3.45312
El
18
Calk
A
r 11=|@
Rad Autoc Standard
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Pl IER ] (e [

e EN

Folder : [main

[~]

Marne: [att3

[~]

Farameter:[g, 2,13

Listx Listw ListC1 ListCZ2 ListC3 ListC4

4 B.6| 1.19612] B.87az&6| 0.878285| 8.87234| B6.88953
5 B.8| 1.29834| 8.83954( 06.18149| A6.16223| B6.11629
& 1| 1.43184( B.11628 B.132 B, 1336 ©.13232
7 1.2] 1.668749| @8.15251| 8.17422) @8.17586| G.28123
= 1.4 1.54 B.2812( O,23038| @.23288| O6.26733
El 1.6] 2.15861| B©.26728| @.30726| B@.31123 0.33939
18 1.8 2.597221| B.33926 B.416| B.42265( B.493288
11 2 Z.16818| @.49281| B.37773| 8.38979| B8.43991
12 2.2 4.81753| 8.6%934( 0.8935645| A.586875| 1.85833
13 2.4| 5.36367| 1.8496B3| 1.29681 1.35286| 1.72885

Calk

4]

r 11=|@

Rad Autoc Standard

By creating programs quickly and easily change values to obtain the satisfying results.
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