b-continuity

J. Kára J. Kratochvíl M. Voigt

June 21, 2004

Abstract

A b-coloring of a graph G by k colors is a proper coloring of the vertices of G such that in each color class exists a color dominating vertex that is a vertex having neighbors in all other k � 1 color classes. The b-chromatic number b(G) of a graph G is the maximum k for which G has a b-coloring by k colors. It is easy to see that every G has a b-coloring by χ(G) colors.

A graph G is called b-continuous if there are b-colorings of G by k colors for all χ(G) ˇ k ˇ b(G). It is known that there are graphs which are not b-continuous. In this short note we show that chordal graphs and some planar graphs are b-continuous.

AMS Classification: 05C15 Keywords: b-colorings, b-continuous, chordal graphs, planar graphs

1 Introduction

A b-coloring of a graph G by k colors is a proper coloring of the vertices of G such that in each color class exists a vertex having neighbors in all other k − 1 color classes. Such a vertex is called a color dominating vertex. The b-chromatic number b(G) of a graph G is the maximum k for which G has a b-coloring by k colors.

Obviously, a coloring of a graph G with χ(G) colors where χ(G) is the chromatic number of G is a b-coloring. Thus b(G) ≥ χ(G) for all G. To give an upper bound on b(G) we assume that the vertices v_1, . . . , v_n of G are ordered such that d(v_1) ≥ d(v_2) ≥ . . . ≥ d(v_n). Let t(G) := max{i ; d(v_i) ≥ i − 1} be the maximum number i such that G contains at least i vertices of degree ≥ i − 1. Obviously, t(G) ≤ Δ(G) + 1 where Δ(G) denotes the maximum degree of G. It is observed in [3] and [4] that t(G) is an upper bound for b(G). Furthermore this upper bound is tight. On the other hand b(G) may be arbitrarily far from t(G) shown by the complete bipartite graph K_{n,n} [3]. Moreover also the differences t(G)−χ(G) and Δ(G)−t(G) can be arbitrarily large as seen by K_{n,n} and the star K_{1,n} respectively.

Considering b-colorings we observe further interesting properties. There are graphs for which exist b-colorings by k_1 colors and k_2 colors but no b-colorings by k colors where k_1 < k < k_2. Thus it is reasonable to define the b-spectrum S_b(G) of a graph G as the set of integers k for which there is a b-coloring of G by k colors. We call a graph G b-continuous if S_b(G) is an interval that is there are b-colorings of G by k colors for all χ(G) ≤ k ≤ b(G). Barth, Cohen and Faik [1] proved that for every set of integers I there exist a graph G with S_b(G) = I. Moreover they have shown that, even if b-colorings of cardinality χ(G) and b(G) are given, the problem of knowing if G is b-continuous is NP-complete.

It is an interesting open problem to find classes of graphs which are bcontinuous. In [1] it is proved that interval graphs are b-continuous. In this note we will give a short proof that even all chordal graphs are b-continuous. Moreover we prove that also some planar graphs have this property.

2 Chordal graphs

Theorem 1 Chordal graphs are b-continuous.

Proof: We would like to prove: if a chordal graph G has a b-coloring with k > χ(G) colors then it has also a b-coloring with k − 1 colors. Assume G is a counterexample. Consider a given b-coloring by k colors. Let v be a simplicial vertex. Note that v cannot be a color dominating vertex since the neighborhood builds a clique of at most χ(G) − 1 < k − 1 vertices. Remove v from the graph. If there is still a color dominating vertex for every of the k colors continue to remove simplicial vertices until not all colors have a color dominating vertex. Assume the last removed vertex v has color 1 in the b-coloring and denote the new graph by G0.

Then there are some vertices w_1, . . . , w_s (s ≥ 1) in the neighborhood of v such that each of these vertices is the only color dominating vertex for its color and v is the only vertex in its neighborhood having color 1. Assume w_1 has color k. Color w_1 by 1 and all other vertices of color k by a suitable color (they are not dominating for color k therefore it is possible). Since w_1, . . . , w_s build a clique w_2, . . . , w_s are now dominating vertices for the k − 1-coloring of G0 which is in fact a b-coloring. Coloring the removed vertices by suitable colors we obtain a b-coloring of G with k − 1 colors contradicting the assumption. 2 3 Planar graphs

For a given connected graph G denote by dist(v, w) the number of edges of a shortest path connecting v and w.

Theorem 2 Let G be a connected planar graph of girth at least 5. If G contains t vertices v_1, . . . , v_t such that d(v_i) ≥ t − 1 for all i = 1, . . . , t and dist(v_i, v_j) ≥ 5 for all i ≠ j then b(G) ≥ t and G has b colorings by s colors for all χ(G) ≤ s ≤ t.

Proof. We try to find a b coloring by s ≤ t colors precoloring vertices v_1, . . . , v_s and the neighborhoods such that v_i is colored by i and all other colors occur in its neighborhood.

Assume first s ≥ 4. The precoloring is possible in a proper way because we have s ≥ 4 available colors, G is planar and dist(v_i, v_j) ≥ 5. Now we claim that every non-colored vertex has at most one colored neighbor. This is true because of the girth- and the distance constraint. Thus for every non-colored vertex there are at least s − 1 ≥ 3 available colors. Thomassen [6] proved that every planar graph of girth at least 5 is 3-choosable. Thus it is possible to extend the precoloring to the whole graph.

Note that χ(G) ≤ 3 by the girth condition. If χ(G) = 3 we are done since there is a proper coloring of G by 3 colors which is in fact a b-coloring. If χ(G) = 2 it remains to show that G has a b-coloring by 3-colors. We claim that G has such a coloring if it is not a star or a path of at most 4 vertices. Note that for the star we have t = 2 and are done and a short path does not fulfill the assumption of the Theorem for t = 3. If G is a tree beside these exceptions we can find the required b-coloring using for example Lemma 4.4 of [5]. Otherwise consider an order v_i, . . . , v_n of the vertices of G such that d_{Gi} (v_i) ≤ 2 where G_i = G[v_1, . . . , v_i]. Such an order exists since

P_{v2V (G) d(v) ≤ 3|V (G)|−12 because of Eulers formula, the girth condition and}

χ(G) = 2. Let j be the smallest integer such that G_j contains a cycle. Note that G_j has exactly one cycle since d_{Gj} (v_j) ≤ 2 and no G_s with s < j has a cycle. It is easy to find a b-coloring of G_j by 3-colors coloring 5 vertices of the cycle by 1, 2, 3, 1, 2 and extending it to a 3-coloring of G_j. Finally extend the 3-coloring to G coloring the vertices in the order v_{j+1}, . . . , v_n. 2 If in the assumption of the above Theorem t = t(G) then we can conclude that these graphs are b-continuous.

Corollary 3 Let G be a connected planar graph of girth at least 5 and t = t(G). If G contains t vertices v_1, . . . , v_t such that d(v_i) ≥ t − 1 for all i = 1, . . . , t and dist(v_i, v_j) ≥ 5 for all i ≠ j then b(G) = t(G) and G is bcontinuous.

References

[1] D. Barth, J. Cohen, T. Faik, About the b-continuity property of graphs, manuscript 2004

[2] T. Faik, J.-F. Saclé, Some b-continuous classes of graphs, Technical Report N1350, LRI, Universite de Paris Sud (2003)

[3] R. W. Irving, D. F. Manlove, The b-chromatic number of a graph, Discrete Applied Math., 91 (1999), 127-141

[4] M. Kouider, M. Mahéo, The b-chromatic number of a graph, Discrete Mathematics 256 (2002) 267-277

[5] J. Kratochvíl, Zs. Tuza, M. Voigt, On the b-chromatic number of graphs, WG 2002, LNCS 2573 (2002) 310-320

[6] C. Thomassen, 3-list-coloring planar graphs of girth 5, J. Comb. Theory (B), 64 (1995), 101-107